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Abstract
Humans, like most other jawed vertebrates, are equipped with an adaptive
immune system that can respond to diverse pathogens. Mature T cells, one of the most
important immune cells generated from the thymus through a rigorous selection
processes, are key orchestrators of the immune responses. Although many of the key
signaling molecules in T cells have been discovered, the underlying mechanisms of how
some of these signaling molecules interact with each other in space and time to trigger T
cell activation have not yet been established. Furthermore, recent experimental results
demonstrate that the membrane is a highly organized structure with some membrane
proteins inhomogeneously distributed into clusters, which are often called protein islands
or protein clusters. The roles of these clustered proteins remain to be established. For my
thesis, to gain insights into the roles of protein islands in early T cell signaling, I have
focused on important clustered proteins such as the T-cell receptor (TCR) and Linker of
activated T cells (Lat). Active ZAP-70 molecules, which phosphorylate tyrosine residues
of Lat molecules, are generated from the clustered TCR molecules. Using spatial
Gillespie simulation and mathematical modeling, I found that clustered proteins may
suppress the probability of spurious triggering of T cells. This finding may suggest an
important role of clustered proteins, which may be relevant to other signaling networks
and other cell types with spatially clustered proteins in the membrane. In addition, I have
examined how the spatial organization of membrane proteins and the diffusivity of
molecules affect the steady-state levels of key molecules required for T-cell activation:
RasGTP and fully phosphorylated ITAM. I have also studied the correlation between the
peptide repertoire presented by antigen-presenting cells in the thymus and the generation
of autoreactive T cells as well as the TCR repertoire of peripheral T cells.
Thesis Supervisor: Arup K. Chakraborty
Title: Robert T. Haslam Professor of Chemical Engineering
Professor of Chemistry and Biological Engineering
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Chapter 1
Introduction
1.1 Background
Highly evolved jawed vertebrates have their own defense mechanisms against
macro-scale organisms on the order of magnitude of their own sizes as well as micro-
scale organisms or materials, such as fungi, bacteria, and viruses. Immunology focuses on
the latter group. The field of this study has matured through enormous efforts by many
experimental biologists, thus providing a large amount of information on the cellular and
molecular levels about agents participating in immune responses. The expanding
knowledge leaves many questions to be answered in order to more comprehensively
understand the mechanisms of immune responses. Despite rapid discovery of new
properties of cells and molecules that participate in the immune system, many unknown
mechanisms and missing signaling pathways still have to be discovered to connect many
spatiotemporal phenomena in immune responses, with advancing experimental
technology and theories.
Theoretical and computational work can help us understand the mechanisms of
biological systems by providing qualitative explanations based on well developed theory
and software. This thesis presents my theoretical and computational work to suggest
interesting mechanisms that account for experimental phenomena. The following sections
in the introduction briefly describe the early-T cell signaling pathways and thymic
selection that I have researched and which my future work will expand upon.
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1.1.1 The early T-cell signaling event
T cells, the orchestrators of adaptive immune responses for almost all vertebrates,
are equipped with intriguing features that enable them to detect the presence of pathogens
and distinguish infected cells from normal cells. Once antigen-presenting cells (APCs),
such as dendritic cells, detect and engulf pathogens, antigenic peptides, the peptide
derivatives from the pathogens, are presented by a major-histocompatibility complex
(MHC) on the surface membrane of an APC. A T-cell receptor (TCR), presented on the
T-cell membrane, interacts with a complex of antigenic peptide and major
histocompatibility complex (antigenic pMHC), and a few such interactions can stimulate
the T cell. Many experimental results have indicated that the response of T cells to
antigenic peptides is highly sensitive (they can recognize 1-10 antigenic pMHCs) and
rapid (recognition takes about 30 seconds), thus making T cells highly effective detectors
[1,2]. Such sensitive detection of many kinds of antigenic peptides, which is based on
TCR's efficient translation of signals from the molecular level of interaction between
TCR and antigenic pMHC, should be very specific as well as diverse [3]. In addition, the
recognition of antigenic peptides by a T cell is rapid [4]. For example, the intracellular
calcium fluxes occur within 10 seconds once a T cell interacts with a few antigenic
pMHC [5].
While TCR interacts with pMHC, multiple immunoreceptor tyrosin-based
activation motifs (ITAM), connected to a CD3 region of TCR [6,7], are efficiently
phosphorylated by an Lck, which is brought by a molecule called a coreceptor [8]. The
different types of coreceptors are expressed on the membrane of a T cell depending on
the type of the cell. CD4 and CD8 proteins are coreceptors that are mainly expressed on
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T helper cells and cytotoxic T lymphocytes (CTL), respectively [4,8,9,10,11]. The roles
of these coreceptors in the early T cell signaling have been ambiguous. Recent
experimental results suggest that TCR can interact with pMHC independently of CD4,
and the interaction between TCR and pMHC is not significantly stabilized by CD4 [12].
In addition, cytotoxic T lymphocyte with no CD8 can still be triggered by antigenic
pMHC with a high affinity interaction with TCR [11]. However, these coreceptors may
help amplify the downstream signals induced by an antigenic pMHC interaction with
TCR by means of several mechanisms, which will be described in detail later. After two
tyrosine residues of each ITAM of the CD3 ( chains become phosphorylated, the ZAP-70
protein can be bound to the phosphorylated ITAM and become activated by Lck
[6,13,14,15]. The active ZAP-70 is an important kinase of a linker of activated T cells
(Lat) [13,14,15,16,17,18]. The phosphorylation of multiple tyrosine sites of Lat is
important for further generating downstream signals for T cell activation, the process
which changes the morphology and function of T cells and initiates their differentiation
and proliferation.
Antieen-Presenting Cell (APC Membrane
MHC
Pept
iMembra
P76
-70 os T
Figure 1-1. The early T cell signaling pathway. Key proteins participating in the early
T cell signaling are shown.
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T cells in peripheral tissues are able to distinguish between self cells and
pathogen-infected cells. These normally functional T cells are produced through the
selection process in the thymus, which will be described in more detail in the next
section. Through thymic selection, only T cells that interact moderately with self
(endogenous) pMHC should survive to interact with antigenic pMHC but avoid too
strong an interaction with endogenous pMHC, which could lead to autoimmune
responses. No clearly defined mechanism explains how this moderately interacting T
cells minimize the accidental activation from their numerous interactions with many
types of endogenous pMHC, but maximize the probability of activation by the T cells'
few interactions with antigenic pMHCs.
Several models have suggested possible mechanisms for these phenomena. One
of the plausible models, which is called the pseudodimer model [19,20] provides the
following mechanism. Once the TCR binds to a strongly interacting antigenic pMHC
complex, CD4 is recruited to the pMHC, and consequently CD4's Lck is activated. Then
the activated Lck can phosphorylate many of the short-life complexes of TCR bound to
endogenous pMHC, which frequently interact with the coreceptor bound to the antigenic
pMHC. This model suggests that the highly sensitive detection of a small amount of
antigenic pMHC comes from the "ready and waiting" mechanism that requires the CD4
dimer where two TCR-pMHC complexes bind to the common CD4 [19,20]. CD4 is
highly specific because it is initially activated only by the antigenic pMHC complex.
However, the CD8 that helps the activation of CTL is not so specific, but rather
promiscuous. The CD8 can bind to a complex of TCR with a strong agonist (antigenic
peptide), a weak agonist, and an antagonist (the peptide that nullifies signals induced by
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an agonist) [21]. The strength of signaling of TCR is usually related to the strength of
binding of CD8 to complexes of TCR-pMHC [21]. In contrast to CD4, CD8 may enhance
the stability of a complex of TCR and pMHC [22,23]. Therefore, CD8 can improve the
sensitive detection of antigenic pMHC by enhancing the stability of a complex of TCR
and antigenic pMHC [24,25].
One of the mechanisms that explains the specific recognition of antigenic peptides
is called kinetic proofreading [26]. The kinetic proofreading basically relies on the
relative time scales of phosphorylation of ITAM and the association between TCR and
pMHC. The model suggests that ITAM has multiple sites to be phosphorylated in order
to generate further downstream signals, and the mean time scale for the full
phosphorylation of ITAM of a TCR might be much longer than most of the time scales
for the dissociation between TCR and endogenous pMHC [26,27]. Assuming that
dephosphorylation of ITAM only occurs immediately upon dissociation between TCR
and pMHC, most of the phosphorylated ITAM produced by the interaction between TCR
and endogenous pMHC will be dephosphorylated. Otherwise, because the time scale for
the dissociation of TCR from antigenic pMHC is longer than that of TCR from
endogenous pMHC, the probability that the ITAM will be fully phosphorylated by the
antigenic pMHC interaction is higher. The conventional kinetic proofreading is based
mainly on the reaction rate constant for the dissociation between TCR and pMHC (koff),
but recent papers indicate that kinetic proofreading also depends on the reaction rate
constant for the association between TCR and pMHC (kon) because both kon and koff
affect the effective lifetime of a complex of pMHC-TCR [1,2,27].
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Another important theory that characterizes behaviors derived from the kinetic
binding between TCR and pMHC is called the serial engagement hypothesis [1,18,28].
The total amount of early downstream signals in a T cell depends on the probability of
full phosphorylation per interaction between pMHC and TCR as described by the kinetic
proofreading model, but it also depends on how many distinct TCR molecules that a
pMHC molecule can interact with per unit time. Therefore, the total downstream signal
can be greatest for any pMHC that can both bind stably to each TCR for sufficient time
for the complete phosphorylation of ITAM and can bind to many TCRs in a given time
interval. This phenomenon, indicating that the rate of interaction between pMHC and
TCR might be an import factor for determining the level of downstream signals, is called
the serial triggering hypothesis. The pMHC that too strongly interact with TCR would not
be able to debind as quickly and to interact with other TCRs as frequently as those
pMHCs that weakly interact with TCR. However, based on the kinetic proofreading
model, if the pMHC has too high a value of koff, it would have fewer chances to fully
phosphorylate ITAMs of any TCR that it interacts with. Consequently, it is natural for us
to hypothesize that there should be an optimal value of kff that maximizes the amount of
downstream signal by improving both the probability for inducing effective signals such
as fully phosphorylated ITAM per interaction between reactants and the rate of
interaction between reactants. This hypothesis can be easily verified by solving the
ordinary differential equations for the following reaction scheme that considers the
generation of only singly phosphorylated ITAM:
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TCR+pMHC : '* > TCR-pMHC k > pTCR-pMHC ** pTCR+pMHC
At fixed values of the association and phosphorylation rate constants, we
examined how the downstream signals such as singly phosphorylated TCR depend on the
lifetime of dissociation. As can be seen in Fig. 1-2, at a value of koff of 1 sec 1, the
strength of the downstream signals such as phosphorylated ITAM (pTCR) at early times
of reaction is greater than those at lower or greater kff.
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0
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Figure 1-2. The fraction of singly phosphorylated TCR over time at various affinity
interaction with pMHC. The simulation results are obtained by solving ordinary
differential equations based on the above reaction scheme (kon=0.07 pm2/s, kp=0.05 s-1,
[TCR]t=o=200 gm-2 , [pMHC]t-o=50 pm 2).
After multiple sites of Lat are phosphorylated by an active ZAP-70, Lat becomes
a docking site for many other proteins, such as PLC-y, Gads-SLP76, and GRb2-SOS
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[17,29,30,31,32]. These proteins cooperatively interact with each other, while binding to
the phosphorylated Lat, and form a stable signalsome when they are bound to Lat in a
certain order [17,32]. SLP-76 is associated with Itk, the kinase of PLC-y [17]. The
phosphorylated PLC-y then cleaves PIP2 and produces a DAG molecule [17]. DAG can
bring RasGRP molecules to the membrane and activate them [17]. The activated RasGRP
can then convert RasGDP to RasGTP [17]. RasGTP is an important second messenger
that can activate further downstream signals and eventually trigger T cell activation.
SOS is an interesting enzyme, which consists of two active sites: a catalytic site
and an Ras exchanger motif (REM) domain (allosteric pocket) [16,17,33,34,35].
Catalytic sites can convert RasGDP to RasGTP molecules, and an allosteric pocket can
interact with either RasGDP or RasGTP molecules [33]. Although SOS can convert
RasGDP to RasGTP with basal activity when its allosteric pocket is empty, when the
pocket is occupied by either RasGDP or RasGTP, SOS's catalytic site becomes more
active [16]. Especially when SOS interacts with RasGTP at its allosteric site, the catalytic
activity can be raised to 75 times the basal activity [36]. Therefore, this is one example of
positive feedback because the activity of SOS is positively regulated when SOS interacts
with its own product, RasGTP. Such a positive feedback reaction, coupled with the
negative regulation of RasGTP by RasGAP, can induce the bimodality of the steady-state
levels of RasGTP [16,36,37], which might be important for the effective decision of T
cells upon receiving signals from the environment. For example, Fig. 1-3 shows
bimodality in the level of RasGTP at a steady state based on our simulation results for the
homogenous system which initially contains 350 RasGDP, 150 RasGTP, and 25 RasGAP
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molecules pern pm2 . Because Lat is an important mediator for producing second
messengers such as RasGTP through SOS, its deletion hinders T cell activation [38].
150 r -
0
E 50
0
0 50 100 150 200 250 300 350
RasGTP
Figure 1-3. The steady-state levels of RasGTP and the number of cells containing a
given steady-state level of RasGTP in the homogenous system. The diffusivity of
molecules is 0.0167 pm2/s . Each system initially consists of 350 RasGDP, 150 RasGTP,
and 25 RasGAP molecules per n pm 2. The total number of cells or trajectories is 500.
The reaction scheme, reaction kinetic parameters, and concentration of other reactants are
the same as those listed in Reaction network S3-2, Table S3-3, and Rate constants for
reaction network S3-2, respectively in Supporting Information for Chapter 3.
1.1.2 Spatially organized proteins in the T-cell membrane
Traditionally, the membrane of many types of cells was regarded as the
homogeneous system by many experimental and theoretical scientists in order to
characterize the mechanism of signaling events, following the principle of the "fluid
mosaic" model suggested by Singer and Nicolson [39]. However, it turned out that the
mobility of proteins in the membrane and their topology are non-uniform and strongly
correlate with the changes of spatiotemporal modifications of cytosolic proteins such as
cytoskeletons [7,40,41,42,43]. Lillemeier et at. suggest that almost all plasma membrane-
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associated proteins are clustered into regions called "protein islands" [39]. Like all other
membrane-associated proteins, Lat and TCR molecules can also form protein islands.
Although the causes of the formation of protein islands have not yet been established,
studies suggest that modifications of cytoskeletons as well as spontaneous phase
separations (into raft and non-raft phases) induce the stable formation of protein islands
[7,39,41,42,44,45]. The movement of most transmembrane proteins is restricted to a
confinement zone of size ranging from 30 nm to 700 nm, which constitutes the picket-
fence model [39].
Upon T cell activation, the contact interface between a T cell and an APC
develops a complicated dynamic spatial rearrangement to form a highly patterned region
called an immunogical synapse (IS) [38,46]. The IS develops mainly three concentric
regions: the central supramolecular activation cluster (cSMAC), the peripheral
supramolecular activation cluster (pSMAC), and the distal supramolecular activation
cluster (dSMAC), induced by cytoskeletal rearrangement [38]. cSMAC mainly consists
of TCR and CD28, while pSMAC contains many cytoskeletal proteins [38,46,47].
Otherwise, CD43, CD44, and CD45 are highly localized in dSMAC [46]. Although an
active ZAP-70 is a well known primary kinase of Lat molecules, it is suggested that
CD28 can also phosphorylate Lat molecules without active ZAP-70 [48]. Interestingly,
the largest amounts of active Lck and active ZAP-70 are located in pSMAC, which
suggests that cSMAC is not the region that produces the greatest amount of downstream
signals [38]. The dynamic change of the cytoskeleton and the elevation of intracellular
calcium level occur within seconds, and the calcium level reaches a peak within 2 to 3
minutes after the detection of antigenic peptides [38]. Yokosuka et al. have shown that
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clustered active or inactive ZAP-70 islands are colocalized with CD3( chain clusters at
initial times of T cell activation throughout the entire contact area between a T cell and an
APC, but after 3 minutes since the initial T cell activation, inactive or active ZAP-70
clusters move toward the periphery of the contact region between the T cell and APC
[14]. However, CD3( chain clusters move toward the center of the contact region. These
experimental results suggest that the initial signal for T cell activation is generated even
before the formation of cSMAC. However, they indicate that TCRs are internalized into
the cytosol at cSMAC, while active signals persist at pSMAC [1,14].
Recently, Ras nanocluster formation was also observed by many experimentalists
[36,49,50,5 1]. Three types of Ras exist: H-ras, N-ras, and K-ras [49,50,52]. It was shown
that membrane bound K-ras recruits Raf, which has a Ras binding domain (RBD)
[51,53]. The recruited Raf can then bind to MEK, which can also interact with Erk [51].
Therefore, a Ras nanocluster becomes a highly concentrated site for Erk, which is a
mitogen activated protein kinase (MAPK) pathway second messenger, as well as become
a protector of MEK and ERK from phosphatases [50,51]. Although the exact mechanism
of a Ras nanocluster formation is not clear, there are several suggested mechanisms. Das
et al. have shown that RasGTP clusters could form in the initially homogeneously mixed
reactants such as RasGDP and SOS when the diffusion of molecules is slow (diffusivity
of molecules on the plasma membrane is about 100-fold slower than in the cytoplasm)
compared to the positive feedback reaction rate [36,49]. In addition, Tian et al. suggest
that oligomerization of Gal3 that can interact with K-Ras contributes to the formation of
Ras nanoclusters [54], while Gurry et al. hypothesize that the cluster formation might be
due to the short-range attraction and long-term repulsion between Ras molecules, based
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on the observation of lipid microphase separation [55]. The size of the nanocluster is very
small, as 6-12 nm in radii. In addition, the cluster can live as long as 0.4 to 1 seconds and
contains around 7 Ras molecules [49,51]. Such internalization and disintegration of
islands could lead to digital signaling from each island, which would lead to analog
downstream signaling in the whole cell [49]. RasGTP cluster formation can be terminated
by the detachment of SOS from the membrane, which can be initiated by the activation of
Erk, one of the downstream products of positive feedback [36].
1.1.3 Thymic selection
Thymic selection is a process during which the thymus, an organ located in the
chest, detects and removes any harmful or useless T cells. The selection process is
thought to help prevent autoimmune diseases that could be caused by harmful T cells and
to delete T cells that would be unable to detect molecular signatures of pathogens. Such
an important selection involves two major processes: positive selection and negative
selection [10,56,57,58,59,60].
Understanding the selection process requires understanding the molecular level
interaction between TCR and pMHC. TCR recognition of an antigenic peptide is quite
sensitive, but still cross-reactive. For example, T cells cannot recognize point mutation of
antigenic peptides, but they can recognize many peptides. This fact is called the
specificity/degeneracy conundrum. TCR consists of a hypervariable region and a
conserved region that directly bind to a peptide sequence and a part of the MHC
sequence, respectively. As discussed before, the stability of interaction, or the duration of
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binding, between a TCR and a pMHC determines the magnitude of downstream signaling
from the TCR, and eventually the fate of the T cell during the selection process.
One of the selection processes, called positive selection, filters all useless naive T
cells [3,60]. The main functions of T cells are to detect any pathogens and kill any
infected cells. To perform these roles, T cells should be able to detect an antigen, a
molecular mark on the surface of a pathogen, by interacting with it. Positive selection
ensures removal of weakly interacting T cells with pMHCs in the thymus because these T
cells will be unable to effectively interact with pMHC in the peripheral tissue and cannot
recognize antigenic peptides. To summarize, to be positively selected, a T cell should
interact with at least one pMHC with an interaction free energy that exceeds a certain
threshold for its survival, called the positive selection threshold.
The other important selection process is negative selection [3,61]. This selection
removes T cells that bind too strongly to any endogenous pMHC presented in the thymus.
For example, a T cell should be eliminated once it binds to an endogenous pMHC with an
interaction free energy greater than the negative selection threshold. If the T cell strongly
interacts with endogenous pMHC, it can promiscuously react with infected cells as well
as non-infected cells. This adverse effect is called an autoimmune response. Therefore,
negative selection should delete any autoreactive T cells.
Positive selection is known to be important for ensuring MHC restriction, but not
for antigen specificity [3]. KosmrIj et al. and Huseby et al. suggest that negative selection
plays a role in mediating specificity [3,62]. The experimental results from Huseby
indicate that antigen-specific T cells produced through normal thymic selection
sensitively recognize the mutations of certain amino acid sites, which are called hot spots
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[62]. However, if the thymus expresses only one type (sequence) of peptides, T cells
cannot recognize most mutations of antigenic peptides. Considering that the free energy
of the interaction between a TCR and a pMHC in the thymus is important in determining
whether a T cell will be negatively or positively selected, Kosmrlj et al. developed simple
models to examine the development of TCR sequences through the thymic selection
based on the interaction free energy [3].
The string model developed by Kosmrlj et al. assumes one-to-one interaction only
between the two closest neighboring amino acids. According to the model, the total
interaction free energy between a TCR and a pMHC can be found as the sum of Fc and
the free energy of the interaction between the hypervariable region of TCR (CDR3) and
an endogenous peptide presented by the MHC, where Fc is the free energy of interaction
between the conserved region of TCR (CDR] and CDR2) and the region of MHC that
directly binds to TCR. The qualitative results are independent of the choice of potential
[3]. For example, when the interaction between juxtaposed residues is influenced by
neighboring residues, the qualitative result does not change [3]. Kosmrlj et al. employed a
sharp threshold model for the probability of T cells' survival based on the interaction free
energy between a TCR and a pMHC to find how the number of types of peptides affects
the mature T cell repertoire. According to the sharp threshold model, the boundaries
determining the positive and negative selection thresholds are very sharp. Therefore, if a
T cell interacts with any pMHC stronger than the negative selection threshold, it is
certainly killed by negative selection. Otherwise, to be positively selected, a T cell should
interact sufficiently strongly with at least one of the pMHCs larger than the positive
selection threshold.
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Kosmrlj's results show that the negative selection process plays an important role
in shaping antigen-specific TCRs by enriching weakly interacting amino acids in TCRs.
These TCRs enriched by weakly interacting amino acids would not recognize antigens if
one of the amino acids of antigens is mutated because all interactions between two
neighboring amino acids significantly contribute to the overall interaction between TCRs
and endogenous peptides.
1.2 Thesis outline
As described in previous sections, immunology provides many interesting
phenomena to scientists. The mechanisms behind any of these phenomena are still open
questions to us. For my research, I focus on some of these phenomena. The discovery of
protein islands in T-cell activation has excited many scientists, but their roles have not
yet been well defined. Consequently, I have been interested in finding what kinds of roles
that clustered proteins might have in the early and later T-cell signaling pathway with
computer simulation and mathematical modeling. The second chapter of my thesis
describes my research findings that suggest possible roles of clustered proteins in helping
suppress spurious T-cell triggering that might be caused by numerous interactions
between TCR and endogenous pMHC molecules.
The third chapter suggests possible mechanisms of how the cluster system
induces the greater amount of steady-state downstream signals such as fully
phosphorylated ITAM and RasGTP as well as the enhanced bimodality of the amount of
RasGTP. I have investigated the role of negative regulator of phosphorylated ITAM in a
T cell's fine discrimination of antigenic pMHC from endogenous pMHC molecules based
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on the strengths of their affinity interaction with TCR molecules. In addition, the effects
of diffusivity of molecules on the steady-state level of doubly phosphorylated ITAM and
RasGTP are discussed.
The fourth chapter addresses how stochastic errors in thymic selection controlled
by repertoires of peptides presented in the thymus influence the generation of
autoreactive T cells and the repertoire of TCR sequences of peripheral T cells. This work
implements the experimental data obtained by Huseby et al. and Daniels et al. that
indicate that the thymic selection process might not be perfect in selecting functional
normal T cells [63,64].
Finally, I suggest the possible future works that can be further pursued from my
current work. As described in the previous sections, many interesting questions should be
addressed and answered in order to comprehend the mechanisms of immune responses.
Big tasks remain ahead for both experimental and theoretical scientists who explore
immunological phenomena.
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Chapter 2
The roles of protein clusters in the T-cell membrane in helping suppress spurious T
cell triggering
T cells play an important role in the adaptive immune system, quickly activating effector
functions in response to small numbers of antigenic peptides but rarely activating in
response to constant interaction with most endogenous peptides. Emerging experimental
evidence suggests that key membrane-bound signaling proteins such as the T cell
receptor and the adaptor protein Lat are spatially organized into small clusters on the T
cell membrane. We use spatially resolved, stochastic computer simulations to study how
the inhomogeneous distribution of molecules affects the portion of the T cell signaling
network in which the kinase ZAP-70, originating in T cell receptor clusters,
phosphorylates Lat. To gain insight into the effects of protein clustering, we compare the
signaling response from membranes with clustered proteins to the signaling response
from membranes with homogeneously distributed proteins. Given a fixed amount of
ZAP-70 (a proxy for degree of TCR stimulation) that must diffuse into contact with Lat
molecules, the spatially homogeneous system responds faster and results in higher levels
of phosphorylated Lat. Analysis of the spatial distribution of proteins demonstrates that,
in the homogeneous system, nearest ZAP-70 and Lat proteins are closer on average and
fewer Lat molecules share the same closest ZAP-70 molecule, leading to the faster
response time. The results presented here suggest that spatial clustering of proteins on the
T cell membrane may suppress the propagation of signal from ZAP-70 to Lat, thus
providing a regulatory mechanism by which T cells suppress transient, spurious signals
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induced by stimulation of T cell receptors by endogenous peptides. Because this
suppression of spurious signals may occur at a cost to sensitivity, we discuss recent
experimental results suggesting other potential mechanisms by which ZAP-70 and Lat
may interact to initiate T cell activation.
2.1 Introduction
Nearly all vertebrates, including humans, are equipped with an adaptive immune system
that can respond to diverse and previously unencountered pathogens. T lymphocytes (T
cells), the primary orchestrators of adaptive immunity, are equipped with molecular
features that enable them to distinguish molecular markers of pathogens from "self." The
identification of foreign pathogens is accomplished largely through the T cell receptor
(TCR), which is a transmembrane protein that interacts with short peptide fragments
complexed with host proteins known as major-histocompatibility complexes (MHCs)
displayed on other cells. If the TCR and peptide-MHC (pMHC) complex bind
sufficiently strongly, then the T cell can become activated through a network of
biochemical reactions that originate with the TCR and ultimately change the gene
transcription program of the cell [10]. T cell activation can be elicited by a small number
of antigenic peptides.
While a T cell can be activated upon encountering a few antigenic pMHC, it is
important to note that T cells nearly constantly encounter endogenous peptide fragments
bound to MHC, yet rarely activate upon numerous such interactions. This feature of cell
signaling is essential for the integrity of the immune system, as frequent activation of T
cells against self peptides could lead to uncontrolled proliferation of T cells, a hallmark
25
of autoimmunity. Although the key biochemical components of the early T cell signaling
network are known, in spite of advances [16,65,66], how the network of biochemical
reactions yields a fast and specific response against small numbers of antigenic pMHC
remains an open question.
The earliest step in T cell signaling through the TCR involves the cytoplasmic
portion of the TCR complex, which contains several immunoreceptor tyrosine-based
activation motifs (ITAMs). These motifs can be phosphorylated by the tyrosine kinase
Lck when the TCR is bound to a peptide-MHC complex. Once phosphorylated, the
ITAMs act as binding domains for the kinase ZAP-70 [14,15,46,66,67]. When recruited,
ZAP-70 can be phosphorylated by Lck [15], turning it into an active tyrosine kinase.
Active ZAP-70 can phosphorylate several tyrosine residues on Lat (linker of activated T
cells), an essential adaptor protein that serves as a docking site for many other proteins
involved in downstream signaling. The activation of a T cell is controlled largely by early
signaling events that occur quickly, with markers of productive signaling downstream of
the TCR detectable on order of 10 seconds after TCR engagement with agonist pMHC
ligands [5]. Productive signaling, starting from these earliest events, eventually
transforms a T cell into an active state [16].
Both TCRs and Lat molecules are transmembrane proteins, suggesting that it may
be important to consider features of the membrane environment when analyzing the
spatiotemporal control of T cell signaling. The cell membrane has traditionally been
difficult to study experimentally, although emerging experimental evidence suggests that
the molecules on resting T cell membrane are not homogeneously distributed, but are
spatially organized into clusters of proteins [14,39,44,68,69,70,71,72,73]. Recent results
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by Lillemeier et al. indicate that TCRs and Lat are each clustered into distinct regions on
the surface of resting T cells, with the cluster sizes ranging between 30nm and 700nm
[39,69]. Additionally, the average distance between neighboring TCR and Lat clusters
apparently decreases upon T cell activation [69]. These results differ from the traditional
fluid mosaic model which regards the membrane as a lipid bilayer containing a
homogeneous distribution of membrane proteins. How the spatial organization of
proteins affects signaling is a topic of current interest, as spatiotemporal dynamics of
proteins may play key roles in regulating cell signaling. In this paper, we use
computational methods to examine effects of TCR and Lat clustering on early T cell
signaling events using the experimental results of Lillemeier et al. as motivation. We start
with a fixed amount of active ZAP-70 as a proxy for TCR stimulation and study a model
in which ZAP-70 must diffuse into spatial proximity of Lat to phosphorylate it. We find
that the clustering of proteins leads to a slower signaling response (as measured by the
amount of phosphorylated Lat) compared with the case in which all proteins are
homogeneously distributed. Analysis of the spatial distribution of proteins demonstrates
that, in the homogeneous system, neighboring ZAP-70 and Lat proteins are closer on
average and fewer Lat molecules share the same neighboring ZAP-70 molecule, leading
to faster response times. In the Discussion section, we discuss alternative mechanisms
suggested by recent experiments in which protein clusters may enhance TCR signal
transduction.
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2.2 Methods
2.2.1 Signaling network
The methods we use explicitly consider both spatial aspects of the membrane surface and
the stochastic nature of diffusion and chemical reactions. We compare systems in which
proteins are inhomogeneously distributed in clusters with systems in which key proteins
are distributed homogenously. We focus on a small portion of the T cell signaling
network in which a kinase (ZAP-70) searches for and modifies a target molecule (Lat)
[15], while other proteins (phosphatases such as SHP- 1) in the system can inactivate the
kinase protein [74]:
Lat + pZAP-70 #± Lat -pZAP-70 -> pLat -pZAP-70 -> pLat + pZAP-70
P + pZAP-70 P -pZAP-70 - P -ZAP-70 -+ P + ZAP-70
Here, pZAP-70 denotes phosphorylated, active ZAP-70, which acts as a kinase of Lat,
and P denotes a phosphatase that binds and dephosphorylates pZAP-70, thus abrogating
its catalytic function. This generic scheme is common in cellular signaling networks, so
insights gained here are likely to be relevant to other signaling networks with similar
motifs. Note that in reality Lat has multiple phosphorylation sites, but we consider only a
single modification in order to gain qualitative insight into the effects of clustering.
2.2.2 Computational framework
We consider discrete-space, continuous-time dynamics in which two-dimensional space
is divided into a square lattice with lattice spacing 0.01 pim. The dynamics are governed
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by a chemical master equation in which molecules diffuse by hopping to nearest neighbor
lattice sites and proteins can react when they co-occupy the same lattice site. Typical
reported diffusivities of proteins on the membrane range from 0.01 to 0.5 ptm 2/sec
[1,8,69]. We use our previously developed Stochastic Simulation Compiler to simulate
trajectories consistent with the dynamics [75].
Recent experimental studies suggest that the radius of typical TCR and Lat
clusters varies from 35 to 70 nm, and can be up to 300 nm [2,69,76]. Additionally, TCR
and Lat clusters apparently do not intermix their own components (Lat and TCR
molecules) and their domains do not overlap [69]. To model the clustered distribution of
proteins, we consider three types of domains: TCR clusters, Lat clusters, and the
remaining membrane space not occupied by the clusters (see Fig. 2-1). Since ZAP-70 is
recruited to phosphorylated ITAM regions on the cytoplasmic domain of the TCR
complex during early T cell signaling [13,14,15,38], we begin by assuming a fixed
amount of active ZAP-70 exists in each TCR cluster and focus on the dynamics of Lat
phosphorylation. The fixed amount of ZAP-70 corresponds to ZAP-70 recruited upon
TCR stimulation. Thus we do not explicitly consider the dynamics of TCRs and instead
focus on slightly downstream signaling reactions. Each simulation is initiated by placing
clusters of fixed radius at random positions subject to the constraint that they do not
overlap. The entire patch of simulated membrane is circular with a diameter of 2 Im,
and reflecting boundary conditions are used. Each cluster is 0.2 ptm in diameter. The
system size is appropriate for a cell-cell contact region, and we have tested that
increasing the system size does not change the results presented below.
29
o Lat
* pZAP-70
A P (phosphatase)
0 S 00A0~ *@ 0 AO0 0 0
A 0 .00 .
0 A 0  00 0 0
0 0 00A 0
A B
A ' 0 ~ ',0
0 A 0
ovrappin clsesoa oeue aecofndtdiuse ywti teiinta cler
0 * .0 o.0 e IA0
0 IL o e o 0 4 0
domain, while ZAP-70 molecules can diffuse anywhere on the membrane. (B) depicts the
homogeneously distributed system, with [at and pZAP-70 molecules homogeneously distributed
initially. In both cases, phosphatase molecules that can deactivate pZAP-70 can diffuse through
all domains and are homogeneously distributed initially.
For each trajectory, we place a fixed number of ZAP-70 uniformly at random in
each TCR cluster and a fixed number of Lat at random in each Lat cluster. Phosphatases
are placed uniformly at random over the entire membrane, irrespective of the domain,
and are meant to be representative of membrane-proximal cytosolic phosphatases such as
SHP-1. Each protein diffuses with a fixed diffusion coefficient, with Lat molecules
restricted to diffuse within their initial cluster domain. ZAP-70 and phosphatases can
diffuse throughout any domain. In the homogeneous system, there are no cluster domains
and all proteins are placed uniformly at random over the entire membrane. For
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comparison, for each set of conditions with clustered proteins, we consider the
homogeneous case with the same number of molecules. The only difference is the initial
configuration and the fact that Lat can diffuse anywhere in the homogeneous system.
Unless noted otherwise, all simulations are performed using a diffusion coefficient of D
0.0033 pm2/s.
In the system with clustered proteins, we place twenty Lat molecules per cluster
and vary the concentration of ZAP-70 molecules per TCR cluster. It is not clear whether
stronger antigenic peptides induce higher concentrations ZAP-70 per cluster. The typical
number used was 20 ZAP-70 per cluster. In addition, since the membrane is two-
dimensional, kinetic rate constants are converted to appropriate two-dimensional units
(see SI). For every set of conditions and parameters, we generate 500 independent
trajectories, which we use to determine the mean and standard deviation of the number of
pLat molecules as a function of time. For cases in which proteins are homogeneously
distributed, each trajectory is initiated from a random configuration of proteins. For cases
in which proteins are clustered, we first generate 20 different random configurations of
clusters. For each configuration, we then run 25 independent trajectories in which
proteins are initially placed at random positions within their clusters.
2.3 Results
2.3.1 Pre-existing clusters suppress the phosphorylation of Lat.
Intuiting the influence of clusters on the speed and magnitude of downstream signaling is
difficult. For example, it is possible that the system with clustered proteins might enhance
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downstream signals due to the high local concentration of Lat molecules in clusters. Once
a few active ZAP-70 molecules enter Lat clusters, they might be able to quickly
phosphorylate many Lat molecules through the serial engagement of Lat within the
cluster.
We begin by investigating the time required for ZAP-70 molecules to
phosphorylate the Lat molecules in the absence of phosphatase. Figure 2-2 shows that in
the homogeneous system, it takes less time to reach a given amount of phosphorylated
Lat than in the case with clustered proteins. Hence, in the absence of phosphatase, the
system with homogeneously distributed proteins has a faster response than the system
with clustered proteins. We explore the physical reasons for this difference in the next
section.
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Figure 2-2. Fraction of phosphorylated Lat as a function of time without phosphatase. The
fraction of phosphorylated Lat (pLat) measures the ratio of the number of phosphorylated Lat
molecules to the total number of Lat molecules. Solid lines (dark) correspond to the
homogeneous system and dashed lines (lighter) correspond to the system with clustered
proteins. Dashed red curves have 5 ZAP-70 and 5 Lat clusters, and dashed blue curves have 20
ZAP-70 and 20 Lat clusters. Each cluster initially contains 20 proteins. The homogeneous systems
have the same number of molecules but in a homogeneous initial configuration.
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When we include phosphatase proteins in the system, pZAP-70 molecules can be
deactivated by the phosphatase. Since we start with a fixed number of pZAP-70
molecules, it is possible for all of the pZAP-70 to be deactivated before they
phosphorylate all of the Lat proteins. Figure 2-3 compares signaling responses of systems
with homogeneous and clustered proteins in the presence of phosphatase, for various
numbers of clusters and various amounts of ZAP-70 per cluster. Figure 2-4 compares the
number of pLat at steady state in the homogeneous system and the system with clustered
proteins for a variety of conditions, including varied cluster size and varied number of
pZAP-70 per cluster. For all conditions, the homogeneous system produces larger
amounts of phosphorylated Lat on average than system with the same number of
clustered proteins. Hence, in our simulation model, pre-existing clusters on the membrane
suppress the signaling output (as measured by pLat), given a fixed amount of pZAP-70 as
input. It is known that Lat dephosphorylation can occur on similar timescales to those
appearing in Figs. 2-2 and 2-3 [77]. Figure S2-5 presents simulation results showing that
explicitly considering phosphatases of Lat does not change the qualitative results: Protein
clustering suppresses the magnitude of transient peaks in the number of pLat compared
with homogeneously distributed proteins.
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Figure 2-3. Fraction of phosphorylated Lat as a function of time with phosphatase. Solid lines
correspond to the homogeneous system and dashed lines correspond to the system with
clustered proteins. (A) The effect of increasing the number of clusters at fixed phosphatase
concentration (800 phosphatase molecules per T pm 2). Dashed red curves have 5 ZAP-70 and 5
Lat clusters, and dashed blue curves have 20 ZAP-70 and 20 Lat clusters. Each cluster contains 20
molecules, with solid lines (dark) corresponding to the equivalent homogeneously distributed
initial conditions. (B) The effect of increasing the initial concentration of active ZAP-70. The
results are shown for 5 ZAP-70 and 5 Lat clusters. Blue curves have 100 pZAP-70 per cluster, red
curves have 20 pZAP-70 per cluster, and the concentration of phosphatase is 800 per n pm 2 . (C)
The effect of decreasing the concentration of phosphatase. Results are shown for 5 ZAP-70 and
5 Lat clusters, each of which contains 20 molecules. Red curves have 800 phosphatase per n pm 2
and blue curves have 200 phosphatase per T pm2
In the simulations, we have not accounted for the dynamics of pZAP-70
production, which could be influenced by the presence of TCR clusters. As discussed in
the Introduction, the production of pZAP-70 begins with the ligation of TCRs by pMHC
and involves multiple signaling molecules, including the kinase Lck. It is possible that
clustering enhances the production of pZAP-70 by locally increasing the concentration of
relevant signaling molecules. If this is the case and TCR clustering leads to larger
numbers of pZAP-70 compared with an equivalent homogeneously distributed system,
then the system with clustered proteins could lead to higher levels of downstream
signaling. For example, in Fig. 2-3C, if each cluster starts with 100 pZAP-70, the system
with clustered proteins results in higher amounts of pLat than the homogeneous case with
5 times fewer pZAP-70 molecules. Note that starting with 100 pZAP-70 per cluster is a
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physiologically unlikely number, given that TCR clusters on resting cells contain on
order of 10 to 20 TCR molecules. As we discuss in the Discussion section, clustering of
TCR and Lat on the cell surface may be a means for the T cell to suppress spurious
triggering caused by small amounts of transiently produced ZAP-70 in the absence of
antigenic peptides.
2.3.2 Analysis of the effects of the initial molecule distribution.
Our simulation results indicate that given a fixed amount of active ZAP-70, a system with
homogeneously distributed proteins responds faster on average than a system with
clustered proteins. Additionally, in the presence of phosphatases, the homogenous
system produces a larger amount of phosphorylated Lat at long times, implying that the
magnitude of the response is larger in the homogeneous case. By independently varying
the initial concentration of active ZAP-70 and phosphatases, we consistently find that the
homogenous system produces a faster response and a greater fraction of phosphorylated
Lat at long times (see SI for additional results). In this section, we first explore features
of the short-time dynamics by using scaling analysis to determine the characteristic time
associated with the nearest ZAP-70 molecule diffusing into contact with a generic Lat
molecule. We then compute numerically the average distance from a Lat molecule to the
kh nearest pZAP-70 molecule and investigate how many Lat share the same nearest
neighbor. We are interested in how differences in the initial distribution of proteins lead
to differences in signaling output.
We begin by considering a specific Lat molecule and estimate the characteristic
distance to the nearest ZAP-70 molecule. From this we can obtain a characteristic time
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for the two molecules to diffuse into contact and compare the effects of the distribution of
molecules on the time for the two to first meet. In the system with homogeneously
distributed molecules, the ZAP-70 molecules are distributed uniformly at random, and
the average distance from a Lat molecule to the nearest ZAP-70 molecule is well-
approximated by
dh=
where pz is the concentration of ZAP-70 molecules and dh is given by the first moment of
the spatial Poisson process of density pz in continuous space. The expected time for the
two molecules to diffuse this distance, with Drot the sum of the individual diffusion
coefficients, is
rh ~ d2 /|D, Iilo
In the system with clustered proteins, the concentration of ZAP-70 clusters is pc = pz/nz,
where nz denotes the number of ZAP-70 molecules per cluster. Hence, the expected
distance from the edge of a Lat cluster to the edge of a ZAP-70 cluster is
d = 2r
2 "
where rc denotes the radius of a cluster. Thus, the expected time for a ZAP-70 molecule
to diffuse into contact with a Lat nmolecule scales as pc ~ dc2/D, plus corrections due to the
molecules not being at the edge of the cluster on average (these corrections are typically
small compared with pc). Note that the diffusion coefficient used here is solely that of the
ZAP-70 molecule, since Lat remains confined in its cluster. By comparing pc and Ph, we
find that the homogeneous system is characterized by a shorter expected time for the first
encounter when the number of clusters is sufficiently small. For example, with 5 TCR
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and 5 Lat clusters, each containing 20 molecules, the expected first encounter time is an
order of magnitude faster in the homogeneously distributed system. As the number of
clusters increases, the difference between pc with ph becomes smaller, suggesting the
need for more detailed analysis and leading us to address the distribution of distances
from a Lat molecule to ZAP-70 molecules numerically.
We begin by computing the average distance from a Lat molecule to the kth
nearest ZAP-70 molecule for various initial conditions. Figure 2-5 demonstrates that
reactants are farther apart on average when all molecules are confined to clusters
compared with cases in which at least one of the species is homogeneously distributed.
As suggested above, it follows that the average time for reactants to first diffuse into
contact is larger in the system in which proteins are clustered. In Fig. S2-8, we present
simulation results for a typical system and plot the cumulative probability, as a function
of time, that a single pZAP-70 molecule has bound a Lat molecule.
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Figure 2-4. Steady state fraction of pLat for various conditions. Each system contains 800
phosphatases of pZAP-70. We obtain the fraction of pLat over 60 different configurations of
clusters with 25 trajectories for each configuration. The homogenous system produces larger
quantities of pLat at all conditions. (A) compares the steady state fraction of pLat for various
numbers of pZAP-70 per cluster. In the system with clustered proteins, 20 Lat molecules and a
variable number of pZAP-70 molecules are initially located inside each cluster. Solid curves with
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squares and dashed curves with circles represent the homogenous systems and the cluster
systems, respectively. Colors correspond to the following conditions: 20 ZAP-70 and 20 Lat
clusters (blue), 10 ZAP-70 and 10 Lat clusters (green), 5 ZAP-70 and 5 Lat clusters (red). (B)
shows the difference between the fraction of pLat in the homogenous system and the fraction
of pLat in the cluster system for various diameters of clusters. Each system contains 400 Lat, and
400 pZAP-70 molecules. "5Z/5L" stands for the cluster system that contains 5 pZAP-70 and 5 Lat
clusters, each of which initially contains 80 molecules.
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Figure 2-5. The mean distance from a Lat molecule to the kth nearest pZAP-70. Results are
averaged over 1000 initial configurations. Note that in both figures, blue and green data points
are nearly indistinguishable. (A) Results for 10 Lat clusters, each of which contains 40 molecules
(400 Lat molecules are distributed homogeneously in the green results). There are 400 pZAP-70
molecules, either homogeneously distributed or distributed into 10 clusters. (B) Results for 20
Lat clusters, each of which contains 20 molecules. There are 400 pZAP-70 molecules, either
homogeneously distributed or distributed into 20 clusters. To avoid edge effects, numerical
results were obtained by considering only Lat molecules near the center of the system.
As can be seen from results in Figs. 2-3 and 2-4, for a fixed number of
phosphatases, the magnitude of the signaling response is smaller in the system with
clustered proteins than in the homogeneous system. In order to phosphorylate a Lat
molecule, an active ZAP-70 must not be dephosphorylated by a phosphatase before it
encounters the Lat molecule. Since the phosphatases are uniformly distributed, the longer
a ZAP-70 molecule takes to diffuse into contact with a Lat molecule, the more likely it is
to be inactivated. To first approximation, the probability that a ZAP-70 molecule is active
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when encountering a Lat molecule is (1 -pdeact)X, where Pdeact is the probability that a
phosphatase deactivates a ZAP-70 molecule when they occupy the same lattice site and X
denotes the expected number of encounters between the ZAP-70 and a phosphatase
before the ZAP-70 encounters a Lat molecule. Assuming the phosphatases are well
mixed, k is expected to increase linearly with time. Hence, there is a smaller probability
for a ZAP-70 molecule to be active when it first encounters a Lat molecule in the case
with clustered proteins since the expected time for such an encounter is longer than in the
homogeneous case.
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Figure 2-6. The effect of distributing a fixed number of LAT molecules in different numbers of
clusters. Simulation results for 400 Lat molecules placed in 10 clusters (red), 20 clusters (blue),
or homogeneously (geen). In all cases, 400 pZAP-70 molecules are homogeneously distributed
initially and can diffuse through all domains. No phosphatase is present. (A) and (B) display the
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fraction of pLat as a function of time for D = 0.0033 pm2/s and D = 0.33 pm2/s, respectively. (C)
and (D) measure the number of ZAP-70 bound to Lat as a function of time and correspond to the
diffusivities of (A) and (B), respectively. The differences between the different initial
configurations are more pronounced at slower diffusion rates.
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Figure 2-7. The number of unique neighboring pZAP-70 per Lat molecule. Results are averaged
over 1000 initial configurations. (A) Results for 10 Lat clusters, each of which contains 40
molecules (400 Lat molecules are homogeneously distributed in the green results). There are
400 pZAP-70 molecules, either homogeneously distributed or distributed into 10 clusters. (B)
Results for 20 [at clusters, each of which contains 20 molecules. There are 400 pZAP-70
molecules, either homogeneously distributed or distributed into 20 clusters.
We further investigated how the initial distribution of proteins affects the overall
signaling response when ZAP-70 molecules are homogenously distributed but Lat is
clustered. In this case, the distance from a Lat molecule to the kth nearest ZAP-70 is the
same as in the homogenous system (see Fig. 2-5). However, at low concentrations of
pZAP-70 or in systems with small clusters, few pZAP-70 are initially found within the
clusters, and the time to diffuse into a cluster increases the first encounter time relative to
the homogeneous case since the time for ZAP-70 to diffuse into a cluster depends only on
the ZAP-70 diffusion coefficient. At sufficiently high pZAP-70 concentrations, such as
those used to obtain the results in Fig. 2-6, the characteristic time to a first encounter is
expected to occur on a comparable time scale to the homogenous system. Even with a
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comparable time scale, we find that the overall response of this system is slower than the
homogeneous system. To illustrate another physical feature that accounts for differences
in the signaling response, we find the average number of unique neighboring ZAP-70 per
Lat molecule. For a given initial configuration, we find the nearest ZAP-70 molecule to
every Lat molecule and determine the total number of unique ZAP-70 molecules
represented. This gives the number of unique neighboring ZAP-70 per Lat molecule,
which provides a measure of how many Lat share the same ZAP-70 as a nearest
neighbor. If the number is small, many Lat share the same nearest neighbor ZAP-70.
Hence, the expected first encounter time is not representative of the characteristic time
for most Lat to first encounter a ZAP-70, since the first Lat to bind the neighboring ZAP-
70 will effectively sequester it and ZAP-70 from greater distances must diffuse into
contact with the other Lat. In Fig. 2-7, we present the average number of unique
neighboring ZAP-70 per Lat molecule, showing that it is highest in the homogeneous
case. Additionally, in Fig. 2-6, it is seen that increasing the number of Lat clusters while
keeping the total number of Lat and ZAP-70 fixed leads to a faster response time.
Increasing the number of clusters does not change the average closest distance from a Lat
molecule to a ZAP-70 molecule, but it increases the average number of distinct nearest
ZAP-70 molecules per Lat molecule, as can be seen by comparing Figs. 2-7A and 2-7B.
This implies that, at early times, increasing the number of clusters increases the number
of encounters per unit time by increasing the number of distinct nearest ZAP-70
molecules per Lat. As is seen in Fig. 2-6, increasing the number of Lat clusters with fixed
number of molecules increases the number of pZAP-70 bound to Lat and increases
phosphorylated Lat production at early times. We also considered how the changes of
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other parameters affect the production of pLat (see SI for further details). For example,
reducing the size of clusters decreases the number of unique neighboring ZAP-70 per Lat
and increases the diffusion time for pZAP-70 to enter Lat clusters, thus reducing the
speed of the signaling response (see Figures S2-4, S2-7, and S2-11).
2.3.3 Analysis of hitting rate between two reactants in the membrane
Several important features can affect the generation of the downstream signal at much
later times since the first encounter between active ZAP-70 and Lat molecules. For
example, the number of rebinding and the duration of interaction between an active ZAP-
70 molecule and a Lat molecule can influence the probability for the Lat to be
phosphorylated by an active ZAP-70 per interaction. The effect of rebinding between
reactants on the T-cell signaling was carefully examined by Govern et al. and Dushek et
al. [2,78]. Both the amount of rebinding between two reactants and the duration of
binding between molecules strongly depend on the association reaction rate constant
between reactants and the diffusivities of molecules, while the duration of binding
depends on the dissociation rate constant as well. If the concentration of reactants is not
too high to cause a reactant of one species that is already bound to a reactant of another
species to interact immediately with one of nearby reactants rather than the same reactant
that it has previously interacted with, once it dissociates with the reactant, the total
number of rebinding and the duration of interaction between reactants are the same in
between the homogenous system and the cluster system. However, when the size of
cluster or the diffusivity of molecules becomes smaller, or the association reaction rate
constant between reactants becomes larger, the rebinding between reactants can be
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enhanced. If the number of one species of reactants that modifies the state of another
species of reactants is much less than that of species that is modified, the rebinding could
make the cluster system induce greater downstream signals, but we need further
investigation to confirm our hypothesis. However, at various sizes of clusters and
concentrations of active ZAP-70 in the regime of kinetic parameters and diffusivities of
molecules in our systems, the homogenous system consistently induces the greater
reaction rate.
The total number of distinct Lat molecules interacted with an active ZAP-70
molecule per unit time is also important in determining the overall amount of
phosphorylated Lat molecules. Wofsy et al. analyzed the effect of serial engagement of
TCR by a pMHC molecule on the amount of downstream signals based on the hitting rate
between them [79]. Wofsy et al. defined the hitting rate as the number of reactants of one
species interacted by a reactant molecule of another species per unit time in the system,
when there are only the association and dissociation reactions between reactants.
Assuming that there are two species of reacting molecules such as A and B, and the
concentration of B molecules is much greater than that of A, thus minimizing the
competition among A molecules for binding to a B molecule, Wofsy et al. approximated
the hitting rate as the inverse of the sum of time scales of the association and dissociation
between reactants, which will be described in detail in this section.
As we have already discussed, the cluster system with initially homogenously
distributed active ZAP-70 does not induce a greater reaction rate with Lat molecules than
the homogenous system. We found that the greater number of unique ZAP-70 per Lat at
any kth nearest distances in the homogenous system can result in the greater reaction rate
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in the homogenous system at early time of reactions. In the steady-state system with the
simple reaction that only considers the association and dissociation between reactants and
with no competition among reactants of one species for binding to a reactant of another
species, we explored the hitting rate between reactants in the cluster system to find
whether the cluster system can induces the greater hitting rate than the homogenous
system. We note that the concentration of one species of reactants such as
unphosphorylated Lat in our system changes over time. Therefore, the hitting rate
comparison might be useful for the cases when the rate of phosphorylation of Lat is much
smaller than the dissociation rate constant in the presence of small concentration of active
ZAP-70 molecules compared to that of Lat, which could be seen at the early time of
reaction. In addition, the hitting rate analysis can be useful for exploring the effect of
configuration on the generation of fully phosphorylated ITAM led by the interactions
between pMHC and TCR molecules because pMHC molecules can continually interact
with TCR independently of whether ITAM of TCR is modified or not.
When A is bound to B, there can be multiple rebindings between them before an
A molecule completely dissociates and diffuses away from a reaction volume. The
following simple reaction describes the event of binding and unbinding of A to B
molecules.
A+B " > f A-B
"_ k ff f
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The rate constants for the association and dissociation between A and B
molecules denoted by kon,eff and koffeff may depend on both diffusivities of molecules and
intrinsic kon and koff values, such as the following.
A + B k* > A---.B k ''" >A-B
In the above reactions, there are intermediate steps before an A molecule is
completely bound to a B molecule. The first event of the association between A and B
molecules is diffusion of A molecule into the reaction volume of B molecule. The rate of
diffusion of A into the reaction radius from B, or simply the diffusion rate constant, is
denoted by k+. When A and B molecules are in a reaction radius, as described in the
intermediate state in the above reaction scheme, A and B molecules can either diffuse
away with a diffusion rate constant, k., or react with an intrinsic association rate constant,
kon. Once A and B are bound, they will dissociate with an intrinsic dissociation rate
constant, koff. The above reaction scheme was examined by many scientists to find the
analytical description of effective rate constants for the association (koneff) and
dissociation (kofgeff) between reactants in terms of diffusivity and intrinsic reaction rate
constants, hoping to reduce the partial differential equations to the rather simple ordinary
differential equations. The earliest works on the effective rate constant at steady state
were done by George Bell; Goldstein et al.; Berg and Purcell; Shoup and Szabo; and
Lauffenburger and Linderman, while work on the effective rate constant at non-steady
state was done by Torney and McConnell [80,81,82,83,84,85]. Bell suggested that each
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effective reaction rate constant can be related to each elementary rate constant as
followings [80].
kk-k,
k" 2.4k kfl
For three dimensional interaction between reactants,
k+ =4zr(D +DB)s 2.5
k_ = 3(D,+DB )S-2
where DA and DB are diffusivities of A and B molecules, respectively, and s is a reaction
radius between two reactants. For two-dimensional interaction on the membrane,
k, = 2z(D,+DB) 2.6
k- = 2 (D 4+DI3)s-2
Shoup and Szabo have derived the analytical form of effective rate constants for
interaction between ligands in a solution and receptors on the membrane. Lauffenburger
and Linderman derived their own form based on a similar method that Shoup and Szabo
developed. Lauffenburger and Linderman found each effective rate constant for the
interaction between reactants in two-dimensional membranes as the following.
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k fleff= yk,
k,,f =(1 
- y ) ko,,
ky " 2.7
kon + k+
k = 2zc (D + D
ln (b / s)
The above solution basically has the same form of the capture probability, y, that
Shoup and Szabo suggested for their solution. The diffusion rate constant k± depends on
not only diffusivity, but also reaction radius s and one-half mean distance between B
molecules, which is denoted by b (~(rcB])), which depends on the concentration of
B molecules, [B].
A+ B < '' > A-B
k,,ff 
.ff
The hitting rate in the homogeneous system for the above simple reaction scheme
for the two-dimensional interactions can be obtained by calculating one period time for
complete association (Tassociation) and dissociation (Tdissociation) between two reactants, A and
B:
1 2.8
association + dissocialion
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The above hitting rate is valid for the case in which [B]h h [A],, so that there
exists minimal competition among A molecules to interact with the same B molecule.
Then, the hitting rate between A and B molecules in the membrane after implementing
the analytical forms of two dimensional diffusion rate constants suggested by Bell can be
found as
Hh ~ 2r(DA DB ) kokff [ B]
h+ 
_ (27(DA +DB)+kO )(kog +k,, [ B]h)
k neff [B h kif if
_ k [ B|2.91c.1 [B]h
I+ "" (1+K[B]h2r{DA+ DB)(
From the above form, we notice that the hitting rate Hh inversely correlates with
the number of rebinding, "" , which implies that as the number of rebindings
2rc(DA +DB)
of A to a given B molecule increases, the number of interactions between A and unique B
molecules per unit time decreases. The probability for rebinding can be significantly
reduced as the relative magnitude of the sum of diffusivities of A and B molecules
becomes much greater than the association rate constant between reactants. For the
asymptotic limit to a well-mixed system, Hh approaches that of Wofsy et al.:
H,(D ->o)~ k, [Blh -k,[B "" 2.10(l+K[B h [B]
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If the value of dissociation rate constant increases infinitely, the hitting rate is
limited by the time required for the association and the number of rebinding between two
reactants. However, when the concentration of B molecules becomes very large, the
hitting rate only depends on the effective duration of binding.
H1 (k ->o)= ", [ b 2.11
+ k,)
1+ "" +D2cD+D ),
H,o [B| =) k_ In(2) 2.12
+ k In(2)K
271+0 +Dj 122r(D +D)2.
Hh (k, - oo) =0 2.13
To calculate the hitting rate in our cluster system, we discretized the system into
subdomains, each of which consists of one A molecule and one B cluster that confines B
molecules (see Fig. 2-8). Therefore, we are examining the specific case where there exists
no competition among A molecules for binding to the same B molecule. We then
compared the hitting rate between reactants in this cluster system with the homogenous
system that contains the same amount of A and B molecules.
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Figure 2-8. The system with clustered proteins. The membrane system is discretized
into subdomains, each of which consists of one A molecule and one cluster that confines
B molecules.
The one subdomain that contains one cluster is our elementary system is our focus
in order to calculate the hitting rate in the cluster system. As can be seen in Fig. 2-9, we
denote the radius of the subdomain by R+ and the radius of the cluster by R..
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Figure 2-9. The diagram of one subdomain. This elementary system contains one A
molecule and one cluster that confines B molecules.
The mean hitting rate in our cluster system is derived based on the periodic event
considering that A molecule, which is initially located at the edge of the reflective
boundary R, comes back to R,. We can decompose the time period into two time scales:
the time required for an A molecule to reach the boundary of a cluster, R_, for the first
time (rRR,-+ ) since its diffusion from the edge of the subdomain, and the time duration
for an A molecule starting diffusing from R_ until it comes back to R, (rR-+R, ). During
the latter fraction of the period time ( R-R ), there can be multiple crossings of
'R, R_+ R _- + R,
A molecule over the boundary R_ . While A molecules is inside the cluster, there exists an
expected number of interactions between A and B molecule, which can be approximately
estimated by the product of the hitting rate and the duration of stay of A molecule in a
cluster. Then the total number of interactions between A and B molecules can be
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approximated by the expected number of hitting between A and B molecules per crossing
of an A molecule over the boundary of a cluster multiplied by the expected number of
crossing until an A molecule comes back to the boundary of the subdomain. For both the
case in which the diffusivities of A, B and a complex of A and B (AB) are the same and
the case in which only the diffusivity of a AB complex is zero, we obtain the following
total time duration of an A molecule that spends in a cluster per period (Tei).
(R 2 -n R ~ 
- 2.14TR+ - (R  - ) +R+2 In R1
4D 2D R_
(R+2 -R 24D
R 2 (R
r D, - - 2.162 D R-
D= D
With the diffusion rate constant, k+, suggested by George Bell, we can find the
expected hitting rate in the cluster system is comparable to that in the homogenous
system after normalizing the concentration of B in the cluster ([B]c) to the concentration
of B in the homogenous system ([B]h).
CR2[ B]h =[B | 2.17
H H+
,H - H1,
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However, implementing the analytical form of the diffusion rate constant
suggested by Lauffenburger and Linderman, we obtain different results (see supporting
information for Chapter 2 in appendix). We note that each analytical form of two
dimensional diffusion rate constant suggested by scientists has its own assumptions and is
valid for certain situations. For example, Lauffenburger and Linderman assumed that the
concentration of one species of reactants at one-half the mean distance between different
species of reactants is the bulk concentration of the species, and the flux of one species of
reactants to the reaction radius of another species of reactants is the same as the reaction
rate between reactants at the reaction radius. However, the bulk concentration of one
species of reactants might be the mean concentration over the membrane rather than the
concentration at the one-half the mean distance between different reactants. Nevertheless,
Lauffenburger and Linderman's results capture the possible important relationship
between the concentration of one species of reactants and the diffusion rate constant. For
the comprehensive comparison of hitting rates between two different systems, we have to
further investigate to develop analytical forms of diffusion influenced kinetic parameter.
When there is no competition among A molecules for binding to the same B molecule in
the cluster system as shown in Fig. 2-9, the number of unique A molecules per B
molecule in the cluster system is the same as that in the homogenous system. Therefore,
the hitting rate might be a dominant factor to be considered to analyze the rate of
production of downstream signals in different configurations of systems at a steady state.
However, when A molecules compete each other for binding to B molecules, the
homogenous system induces the greater number of unique A molecules per B molecule at
any kth nearest distances between reactants. This implies that, at the concentration of A
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molecules that causes competitions among A molecules, the greater number of unique A
molecules per B molecule in the homogenous system may induce a greater reaction rate
at early reaction events.
2.4 Discussion
In this paper, we investigated effects of protein clustering at the cell membrane on early
signaling events in T cell activation against antigen. This was accomplished by
comparing the output of a model system in which the initial distribution of proteins was
either homogeneous or clustered. We focused on the phosphorylation of Lat by active
ZAP-70 molecules that originate from TCR clusters, using stochastic computer
simulations to study the dynamics of Lat phosphorylation. Our main finding is that the
clustering of Lat and TCR suppresses signaling when active ZAP-70 must diffuse into
contact with Lat.
We examined two different systems with clustered proteins, comparing their
signaling response to the homogeneously distributed system. In the first, active pZAP-70
molecules originate from TCR clusters and diffuse on the membrane in search of
clustered Lat molecules. We found that the characteristic time for the initial encounters
between pZAP-70 and Lat is greater than in the homogenous system. Since the pZAP-70
takes longer to find Lat, in the presence of a phosphatase of ZAP-70, the chance for a
pZAP-70 to phosphorylate Lat molecules is smaller in the system with clustered proteins
than in the homogeneous system. This is because it is more likely that active ZAP-70 will
be dephosphorylated before encountering Lat when proteins are clustered. In the second
inhomogeneous system, Lat is confined to clusters, but pZAP-70 is initially distributed
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homogeneously. From analysis of this system, it was found that reducing the number of
Lat clusters with a fixed total number of Lat molecules resulted in slower production of
phosphorylated Lat, even though the nearest neighbor distribution is identical. This
highlights that the number of Lat molecules sharing the same nearest ZAP-70 molecule
also plays a role in the signaling response. Overall, the fact that the homogeneous system
reaches steady state faster and yields a larger signaling output (as measured by
phosphorylated Lat) suggests that the clustering of proteins inhibits the phosphorylation
of Lat molecules on the membrane.
Recent experimental results suggest novel signaling mechanisms that may give
insight into how T cells produce large amounts of downstream signal even though protein
clustering on the membrane seems to suppress such production [69,73,76]. The results of
Lillemeier et al. reveal that clusters of TCR and Lat molecules appear to come closer
together upon stimulation by antigen [69], while the recent findings of Williamson et al.
suggest that most surface-bound Lat do not participate in T cell activation and that most
Lat phosphorylated during T cell activation reside on intracellular, membrane-recruited
vesicles [76,86]. Additionally, recent work by Sherman et al. suggests that TCR and Lat
clusters partially overlap, leading the authors to propose that Lat is phosphorylated by
ZAP-70 in or near the overlapping regions [73]. Each of these mechanisms relies on
ZAP-70 and Lat being in close proximity to facilitate phosphorylation. In the first
mechanism, clusters brought into close proximity would result in ZAP-70 having to
diffuse shorter distances to phosphorylate Lat. Additionally, the proximity could facilitate
direct interaction in which ZAP-70 bound to TCR complexes near the edge of T cell
clusters could directly phosphorylate Lat molecules. In the second mechanism, the
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recruitment of vesicles containing Lat molecules to the membrane could result in direct
contact between TCR clusters and Lat-containing vesicles, yielding a highly concentrated
local environment in which interactions between ZAP-70 and Lat are very likely. Since
membrane-bound Lat are apparently not used to initiate downstream signaling in this
model, it is likely beneficial for the resting T cell to keep them organized into clusters,
since this decreases the chance of spurious activation by transiently-bound endogenous
peptides. In each of the proposed mechanisms, it is possible that ZAP-70 can be
transiently activated and unbind from the cytoplasmic region of the TCR complex.
Having molecules clustered may help to suppress spurious downstream signaling events,
while the mechanisms above may provide a means for cells to amplify signals when
antigenic peptides are encountered by TCR.
It remains to explore other features of clusters that may influence T cell
activation. As discussed previously, clustering of TCR on the cell membrane may
enhance the production of pZAP-70 in response to antigenic peptides as a result of the
enhancement of Lck activity within the cluster. The clustering of Lat may also enhance
downstream signaling events by increasing the local concentration of various signaling
proteins. One example is the production of active Ras, an important downstream
signaling protein, by the protein SOS, which binds to phosphorylated Lat and activates
Ras using a positive feedback loop. But, the early signaling event of Lat phosphorylation
seems to be suppressed by the clustering of proteins on the T cell surface.
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Chapter 3
The effects of the configurations of membrane systems and the diffusivities of
molecules on the amount of steady-state levels of downstream signals such as ITAM
and RasGTP, in the presence of negative regulation of the downstream signals
T-cell signaling involves modifications of the distribution and mobility of proteins. It
seems that such complexity of signaling events correlates with T cells' effective detection
of and response to the presence of antigenic pMHC molecules. We implemented a spatial
Gillespie method [75,87,88] to examine the roles of clustered proteins in the membrane,
the change of mobility of proteins, and the negative regulation of downstream signals in
inducing the generation of effective signals originated from clustered TCR and Lat
molecules. In this chapter, we especially focus on the negative regulation of ITAM and
RasGTP. Our model suggests that, in the early stage of T cell interaction with pMHC
molecules, the negative regulation of ITAM may help a T cell discriminate antigenic
pMHC from endogenous pMHC molecules. Our work also suggests that the slow
diffusion of proteins such as pMHC and TCR may help boost T cell activation. In
addition, we show that the inhomogenous membrane system with clustered proteins may
help amplify certain types of downstream signals such as phosphorylated ITAM and
RasGTP and induce stable bimodality in the amount of RasGTP at equilibrium, compared
to the hypothetical membrane system with homogenously distributed molecules.
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3.1 Introduction
Many species of animals owe their integrity to their efficient immune systems, which
recognize the invasion of pathogens and eliminates those harmful foreign bodies. One of
most important cells that mediate such important immune responses is a T cell. To detect
the presence of foreign bodies, the T-cell receptor (TCR) presented on the surface
membrane of a T cell scans the surface of antigen-presenting cells (APC) by interacting
with complexes of peptide and major histocompatibility complex (MHC) molecules
(pMHC). Most MHC molecules present peptides that are derived from the organism's
body, which are called endogenous peptides. The interaction with complexes of
endogenous pMHC usually does not induce T cell activation, the process which modifies
the functions and morphology of T cells. If a T cell falsely reacts against an APC
presenting only endogenous pMHC, a harmful autoimmune response will result.
However, when APC expresses a minute amount of peptides derived from a foreign body
mainly as a result of endocytosis of a foreign body by APC, a T cells becomes activated
by effectively reacting with these antigenic pMHC molecules. These interesting
phenomena have been topics for many scientists for many years and they have suggested
possible mechanisms for the way T cells could only respond to a small amount of
antigenic pMHC molecules presented by APC. However, it is still hard to define the
mechanism of how T cells discriminate antigenic pMHC from endogenous pMHC
molecules based on the potency of the interaction between TCR and pMHC. TCR
consists of 10 ITAM regions and each ITAM has two tyrosine regions, which can be
phosphorylated by an Lck molecule [6]. When ITAM of CD3 Q chain of TCR becomes
phosphorylated, ZAP-70 can interact with the ITAM and become activated by Lck
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[6,13,14,15]. The active ZAP-70 can initiate further downstream signals. There is an
important molecule such as a coreceptor that might enhance the phosphorylation of
ITAM [8]. Although CD4 may not enhance the stability of a complex of TCR and
pMHC, the coreceptor might bring Lck molecules in proximity to ITAM, thus increasing
chances for Lck near TCR to phosphorylated ITAM [8,12]. Otherwise, CD8 in cytotoxic
T lymphocyte (CTL) can enhance the stability between TCR and pMHC and improve
sensitivity [22,23,24,25]. In our paper, we propose a model that could explain how these
coreceptors could play roles in helping T cells to detect a minute amount of antigenic
pMHC molecules among the sea of endogenous pMHC molecules in the presence of
negative regulators of ITAM.
Recent experimental results indicate that the membrane of T cells is highly
organized. For example, contrary to the traditional view that the membrane has
homogenously mixed proteins, as supported by the fluid mosaic model, most proteins on
the membrane are clustered [39]. The discovery of these protein clusters has drawn great
interest from many experimental biologists. Many of them have suggested that
cytoskeletal modifications and spontaneous phase separation of membrane components
into raft and non-raft phases induce the formation of protein islands [39,44,45]. Recent
results by Lillemeier et al. indicate that TCRs and Lat proteins are pre-clustered as well
even before T cell activation [69]. The results suggest that the average distance between
neighboring TCR and Lat clusters apparently decreases upon T cell activation [69]. The
roles of the spatial organization of proteins such as TCR and Lat in T-cell signaling are
still open to question, but the organization may play key roles in regulating cell signaling.
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We therefore use computational methods to examine effects of clustered TCR and Lat in
T-cell signaling.
Lat is an important mediator for producing second messengers such as RasGTP,
and deletion of it may hinder T cell activation [68]. Lat consists of multiple tyrosine sites
that can be phosphorylated by active ZAP-70 molecules, which are generated from TCR.
It is still not clear how ZAP-70 molecules activate Lat molecules. When Lat molecule's
tyrosine becomes phosphorylated, it becomes a docking site for a specific protein. For
example, PLCyl can interact with the tyrosine 132 of Lat, while Grb2-SOS and Gads can
either interact with the tyrosine 191 or 226. Once all these three molecules interact with a
Lat molecule in a certain order, they form a stable signalsome, and the dissociation rate
between any of these molecules and Lat molecule significantly becomes reduced. While
bound to Lat, PLCyI can interact with IP3 and produces DAG molecule, which can
interact with RasGRP. Then, RasGRP converts RasGDP to RasGTP [17].
SOS is an especially important catalyst in producing a large amount of second
messengers such as RasGTP [17]. SOS consists of an allosteric pocket and a catalytic
site. The catalytic site can interact with RasGDP and converts it to RasGTP. When an
allosteric site is empty, SOS is basally active in producing RasGTP. The allosteric pocket
can interact with either RasGDP or RasGTP molecules, and such interaction makes SOS
catalytic in converting RasGDP to RasGTP at its catalytic site. However, when the
allosteric pocket is occupied by RasGTP, SOS becomes most catalytic, and this is one
example of positive feedback.
RasGTP is an important signal that triggers further downstream molecules and
eventually activates a T cell. Therefore, the amount of RasGTP is an important factor in
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triggering T cell activation. However, at the same amount of reactants, the amount of
RasGTP can be either in the lower state or higher state, mainly because of the stochastic
nature of T-cell signaling [16,17]. In our paper, we discuss interesting features of the
diffusivity of molecules that can influence such bimodality of T cell activation.
3.2 Results
3.2.1 Strong negative regulation of ITAM before stimulation may help a T cell
discriminate antigenic pMHC from endogenous pMHC
The kinetic proofreading model suggested by McKeithan captures the important
mechanism of how stronger antigenic pMHC with lower kog can induce greater chances
for a TCR to be fully phosphorylated [26]. However, the serial triggering hypothesis
suggests that an antigenic pMHC with a stronger affinity interaction with a TCR interacts
with fewer distinct TCR molecules per unit time [1,28]. The strong antigenic pMHC with
very low kog might cause pMHC to interact with TCR for a longer time, thus decreasing
the total number of TCR molecules that can be fully phosphorylated in a given time.
However, too high koff would not be able to fully phosphorylate any TCR. Therefore,
there could be an optimal koff value that might maximize the amount of fully
phosphrylated TCR. However, it is known that very strong antigenic pMHC such as a
super antigen still causes T cell activation, thus casting doubt on the validity of the serial
engagement hypothesis. For example, Holler et al. have shown that antigenic pMHC with
a very strong affinity interaction (low koff) with TCR can still trigger T cell activation
[11,24].
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The kinetic proofreading model does not consider the role of coreceptors and
assumes the immediate dephosphorylation of ITAM upon the disassociation between
TCR and pMHC. Therefore, the model may also not capture the roles of coreceptors and
the strength of negative regulation, which can be controlled by the concentration of
phosphatases, in the real system. There are two major types of coreceptors such as CD4
and CD8 that can interact with pMHC and TCR. As suggested by Artyomov et al., the
main role of coreceptors might be enhancing the Lck recruitment, rather than stabilizing
the interaction between TCR and pMHC. We implemented the same model that
Artyomov et al. used, but we considered the explicit phosphatases that can randomly
diffuse through all domains in the membrane.
There are several known phosphatases for phosphorylated ITAM of TCR such as
PTPN4 and PTPHI (PTPN3) [89,90]. Although PTPHI is membrane-bound, further
experiments are required to determine the topology of it. In addition, several papers
suggest that CD45, SHP-1 and SHP-2 may dephosphorylate ITAM, but whether or not
SHP-1 and SHP-2 are true phosphatases of ITAM is still in debate, although SHP-1 is a
well known phosphatase of active ZAP-70 and is highly localized near the membrane
upon the generation of active ZAP-70 [89,90,91,92]. In our model, we explicitly
implemented phosphatases of ITAM that diffuse in a Brownian motion. Many models
assume that spontaneous dephosphorylation happens upon the dissociation between TCR
and pMHC, and dephosphorylation does not occur while TCR interacts with pMHC
[2,8,26]. This is a reasonable assumption in that the interaction between pMHC and TCR
might enhance the phosphorylation of TCR, which implies that a pMHC molecule bound
to TCR might protect phosphorylated TCR with unknown mechanisms. Furthermore, the
62
phosphorylation rate of ITAM should be at least greater than the rate of
dephosphoryaltion if the dephosphrylation could happen while TCR interacts with pMHC
in order to generate effective downstream signals. We have loosened the assumption for
the inhibition of dephosphorylation of phosphorylated TCR implement by McKeithan.
For example, we assume that while a coreceptor interacts with a complex of TCR-pMHC,
a phosphatase cannot interact with the ITAM. In our model, the coreceptor somewhat
protects the phosphorylated ITAM from the phosphatase while it interacts with a complex
of TCR-pMHC molecules mainly due to the steric hindrance. Davis et al. hypothesize
that the phosphorylated TCR is likely to be protected from bulky phosphatases [66]. We
did not consider the effect of cooperative enhancement of T-cell signaling by endogenous
pMHC, suggested by the pseudodimer model [19,20], and autophosphorylation of Lck
regulated by CD4 and CD28 [93]. The possible future work related to the pseudodimer
model in the cluster system is discussed in Chapter 5. This chapter focuses on how the
potency of pMHC and configuration of the system affect the downstream signals in the
presence of phosphatases of ITAM.
Our reference cluster and homogenous systems consist of 30 pMHC that can have
a different koff from or the same one as that of the rest of the 300 endogenous pMHC
molecules. If these 30 pMHC have the same kff as the endogenous pMHC (20 sec-1),
they are endogenous pMHC, but if kff of 30 pMHC molecules is lower than that of the
endogenous pMHC, we denote them as the weak or strong antigenic pMHC depending on
the value of koff. The lifetime of a complex of TCR-pMHC, which depends on both
association and dissociation rate constants, might be important in determining the overall
amount of downstream signals. Because Holler et al. carefully examined the level of T
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cell activation at various dissociation rate constants in order to find the correlation
between the activity of CTL and the affinity between pMHC and TCR, we mainly varied
koff to differentiate affinity potencies. Each TCR in our model consists of one ITAM,
which consists of two tyrosine residues, and assumes that only doubly phosphorylated
ITAM can initiate the further downstream signals. We examined how the configuration
of the system and the concentration of antigenic pMHC molecules affect the doubly
phosphorylated TCR at a steady state in the presence or absence of phosphatases of
ITAM.
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Figure 3-1. The levels of singly phosphorylated ITAM at various concentrations of
antigenic pMHC. Simulation results for the cluster system in which 20 TCR molecules
are placed in each of 20 TCR clusters and the homogeneous system which contains
randomly distributed 400 TCR molecules. The fraction of doubly phosphorylated TCR is
obtained by the number of doubly phosphorylated TCR divided by 400. Each system
contains a fixed amount of pMHC molecules (330 pMHC molecules); only the number of
antigenic pMHC is varied to examine the effect of the concentration of antigenic pMHC
on the downstream signals. The "cluster (30 ag)" denotes the cluster system that contains
30 antigenic pMHC (korf=0.0 2 s-) and 300 endogenous pMHC molecules (koff=20 s-1).
The "homogeneous (30 ag)" denotes the homogenous system that is compared to the
system "cluster (30 ag)." The diffusivity of molecules is 0.0033 pm 2/s. (A) The system
with no phosphatase of ITAM. (B) The system with 600 phosphatases of ITAM per 7c
pm2
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We located different concentrations of antigenic pMHC with koff of 0.02 s- by
changing the ratio of antigenic pMCH to endogenous pMHC at a fixed amount of pMHC
molecules, assuming that APC presents a fixed amount of pMHC molecules to a T cell.
When there is no phosphatase in the systems, we observe no significant differences in the
rate of production of doubly phosphorylated ITAM between the homogenous and cluster
systems as shown in Fig. 3-1. We notice that the high concentration of pMHC molecules
makes a short diffusion time scale for interaction between pMHC and TCR for both
cluster and homogenous systems, thus making little discrepancy between the rates of
production of doubly phosphorylated ITAM of the two different systems. In addition,
there is no significant discrepancy between the reaction rates in the system that consists
of 30 antigenic pMHC molecules and the system that consists of only endogenous pMHC
molecules. Because of the small concentration of antigenic pMHC molecules, most of the
phosphorylated ITAM are generated by the interaction between the endogenous pMHC
and TCR molecules for the system with 30 antigenic pMHC molecules.
In the presence of a high concentration of phosphatases of ITAM (600
phosphatases of ITAM per tmn m2), we observe that a short time (around 1 minute) is
required to reach the steady state. In addition, there are clear differences in the steady-
state level of doubly phosphorylated ITAM between the systems with 30 antigenic
pMHC molecules and those with no antigenic pMHC molecules. These interesting results
suggest the importance of negative regulation in discriminating the APC presenting
antigenic pMHC from APC presenting no antigenic pMHC molecules in a short time.
The high concentration of phosphatases quickly remove phosphoryalted ITAM of free
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TCR, thus making the system with a larger amount of antigenic pMHC molecules induce
the greater amount of TCR to be protected from being dephosphorylated.
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Figure 3-2. The effect of clustering of proteins, diffusivity of molecules, and potency
of antigenic pMHC on the level of doubly phosphorylated ITAM at equilibrium.
Simulation results for the cluster system in which 20 TCR molecules are placed in each
of 20 TCR clusters and the homogenous system which contains randomly distributed 400
TCR molecules. Each system consists of 300 endogenous pMHC, 30 antigenic pMHC
2
molecules, and 60 phosphatases of ITAM pern sm.
We then focused on the effect of diffusivity of molecules and the configuration of
systems on the steady-state levels of doubly phosphoryalted ITAM in the presence of 60
phosphates in systems. In our system, there are 330 pMHC molecules, and we change the
potencies of 30 pMHC molecules among them by varying the value of a dissociation rate
constant between these 30 pMHC and TCR. As Fig. 3-2 shows, when the kff value of
antigenic pMHC is smaller, the amount of doubly phosphorylated ITAM increases, and
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then no more significant change occurs in the amount of TCR with doubly
phosphorylated ITAM although the value of koff is significantly further reduced.
We could expect that there should be an optimal kof that maximizes the amount of
fully phosphorylated TCR as suggested by the serial engagement hypothesis. We
hypothesized that because the amount of antigenic pMHC is much smaller than that of
endogenous pMHC, antigenic pMHC molecules compete with large numbers of
endogenous pMHC molecules for binding to TCR molecules, thus reducing the chances
for antigenic pMHC molecules to serially engage with distinct TCR molecules. However,
we find the most significant factor for observing no serial engagement effect is the rapid
dephosphorylation of ITAM by the phosphatases at a given concentration of phosphatase
(60 phosphatases per tim 2). For example, when the concentration of phosphatase is
reduced by a factor of 10, we observe the serial engagement effect (see Figures S3 -12 and
S3-13). Because of rapid dephosphorylation, the moderately interacting antigenic pMHC
cannot trigger a larger amount of doubly phosphorylated ITAM compared to very strong
antigenic pMHC as most of the phosphorylated TCR that is not bound to pMHC will be
quickly dephosphorylated.
Consequently, at a given number of pMHC molecules, a greater fraction of
endogenous pMHC molecules induces a lesser amount of doubly phosphorylated ITAM
at equilibrium (see Figures S3-9 and S3-10). These results indicate that the downstream
signal is strongly positively correlated with the amount of the antigenic pMHC because
the stronger pMHC with lower koff will increase the chances for full phosphorylation of
ITAM and the duration of the protection of phosphorylated ITAM from phosphatases.
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We also examined the effect of diffusivity of molecules on the level of fully
phosphorylated TCR. We can expect if the diffusivity is lowered too much, there will be
a longer diffusion time scale for any reaction between molecules, thus reducing the
reaction rate between molecules. However, as we can see from Fig. 3-2, the moderate
reduction of diffusivity of molecules increases the level of fully phosphorylated TCR.
The reduced diffusivity of molecules lowers the hitting rate among the pMHC, TCR, and
coreceptors as well as the hitting rate between phosphorylated ITAM and phosphatases.
However, reduced diffusivity may enhance rebinding between molecules. Such enhanced
rebinding will increase the probability of full phosphorylation of ITAM as well as
dephosphorylation of any phosphorylated ITAM. As mentioned before, because of the
high concentration of endogenous pMHC molecules, the serial engagement effect among
antigenic pMHC molecules might not be significant. In addition, for those strong
antigenic pMHCs with low koff, the hitting rate with TCR will be much lower than that
for those endogenous pMHC molecules, because of the longer time scale of dissociation.
The low hitting rate for strong pMHC implies that the reduced diffusivity will not
significantly affect the overall distinct numbers of TCR interacting with antigenic pMHC
per unit time.
On the other hand, the probability of the full phosphorylation of those ITAM of
TCR molecules that interact with pMHC molecules with moderate or weak koff is
increased significantly by the reduced diffusivity of molecules. Because of the high
concentration of endogenous pMHC molecules, such increased probability of the full
phosphorylation of ITAM by slower diffusion can significantly affect the total amount of
downstream signals. In addition, the long diffusion time scale for the interaction between
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a phosphatase and a phosphorylated ITAM due to the small concentration of
phosphatases significantly further lowers the interaction rate between phosphatases and
phosphorylated TCR when the diffusivity of molecules is reduced. Therefore, moderately
reduced diffusivity might enhance the overall level of fully phosphorylated TCR.
To gain insight into the roles of protein islands, we compared the level of doubly
phosphorylated ITAM in both the system with homogeneously distributed proteins and
the system with clustered proteins. The previous chapter shows that the cluster system
can induce a lower early reaction rate between two reactants when one species is
confined in clusters, while another species is homogeneously distributed initially,
compared to the homogenous system. Then, we notice that the reaction rates among TCR,
pMHC, and coreceptors as well as reaction rate between phosphorylated ITAM and
phosphatases in the cluster system are lower than those in the homogenous system.
Figure 3-2 shows that the downstream signal in the cluster system is greater than that in
the homogenous system. The reduction of the number of unique reactants, such as pMHC
or coreceptors, per another species of reactants, such as TCR, less severely affects the
overall reaction rate for the reaction among pMHC, coreceptors, and TCR, mainly due to
the high concentrations of pMHC and coreceptor molecules (see Figure S3-1 1).
However, the long diffusion time scale for the interaction between a phophatase and a
phosphorylated ITAM in the cluster system results in the lower reaction rate between
phosphatases and TCR molecules compared to the reaction rate in the homogenous
system.
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3.2.2 The diffusivity of molecules and configuration of systems affect bimodality in
the amount of RasGTP at equilibrium
Experimental results indicate that clusters of phosphorylated Lat molecules are expressed
on the membrane after a T cell is initially triggered by antigenic pMHC molecules [76].
As previously discussed, the phosphorylated Lat molecules can associate with SOS
molecules and initiate the positive feedback loop for the rapid production of RasGTP
molecules. There are also RasGAP molecules that can convert RasGTP back to RasGDP
molecules. In the presence of such a positive feedback loop and negative regulation, the T
cell can exhibit bimodality in the steady-state levels of RasGTP [16,17,37].
A B
400 400
- cluster (upper fixed)
3O 310 ----- homogeneous (upper fxed)
-- cluster (lower fixed)
3----- homogeneous (tower fixed)
210 250
0. 0.4
200 -- cluster (upper fixed) 200
---- homogeneous (upper fixed)
- utr ower fixed) c
----- homogeneous (lower fixed)
100 100
o 0.02 0.04 0.06 0.06 0.1 012 0.14 20 26 30 36 40 46 60 55
diffusMty (smals) number of RasGAP per xsm2
Figure 3-3. The effect of diffusivity of molecules, the concentration of RasGAP, and
the configuration of systems on the level of RasGTP at equilibrium. The upper or
lower fixed points are obtained by simulating the system initially containing Ras as a
form of RasGTP or RasGDP, respectively. (A) The effect of diffusivity and configuration
of the system. Each system contains 25 RasGAP molecules. (B) The effect of the
concentration of RasGAP and configuration of the system. The diffusivity of molecules is
0.00167 pm2/s
To examine the effect of the configurations of systems and the diffusivity of
molecules on bimodality, we first examined the simple reaction network, which mainly
70
consists of the positive feedback reaction and the negative regulation by RasGAP (see
reaction network S3-2 in appendix). Figure 3-3 (A) shows the bimodality of the system
from moderate diffusivity to fast diffusivity in both cluster and homogenous systems. To
obtain the upper or lower fixed points as shown in the figure, we simulated the system in
which all Ras molecules are initially RasGTP or RasGDT, respectively. Therefore, based
on our notations, if the upper and the lower steady states are the same, the system exhibits
unimodality. We note that the bimodality in the steady-state levels of RasGTP disappears
at low diffusivities of molecules. The time scale for converting RasGDP to RasGTP when
the allosteric pocket of SOS is occupied by RasGTP (-25 sec) or RasGDP (-300 sec) and
the time scale for the hydrolysis of RasGTP (-10 sec) are greater than the time scale for
RasGTP to diffuse over the half of the mean distance between clusters (-1.3 sec).
Therefore, the distribution of RasGTP in the cluster system might be similar to the
distribution in the homogeneous system. However, as the diffusivity of molecules is
reduced, we observe the disappearance of bimodality. The hitting rate between reactants
for either producing RasGTP or destroying RasGTP will decrease when the diffusivity is
reduced. However, we notice that the reduction of diffusivity may boost the positive
feedback reaction and suppress the negative regulation reaction because the rebinding of
RasGTP to the allosteric pocket of SOS is enhanced [37], as suggested by Abel et al., and
the diffusion time scale for the interaction between RasGAP and RasGTP is increased
upon the reduction of diffusivities of molecules.
We then examined whether the unimodality of the system exhibited at a low
diffusivity of molecules can revive bimodality at a higher concentrations of RasGAP.
However, we observe no bimodality, but a difference in the amounts of RasGTP between
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the homogenous and cluster systems. The greater concentration of RasGAP will result in
the more dramatic increase in the number of unique RasGAP per RasGTP for the
homogeneous system at any given kth nearest distances between reactants. In addition,
mean distances between any kh nearest reactants are reduced for both the homogenous
and cluster systems. Therefore, most RasGTPs will more rapidly interact with RasGAP
molecules once they are produced as the concentration of RasGAP increases. Therefore,
most RasGTP in the cluster system will be located in or near Lat clusters at high
concentrations of RasGAP and low diffusivity of Ras molecules, while the distribution of
RasGTP is rather uniform in the homogenous system. Consequently, locally generated
RasGTP molecules in the cluster system induce the lower reaction rate between RasGTP
and RasGAP molecules.
We further developed our system to implement cooperative binding between
reactants to form a signalsome on a Lat molecule. We simplified the whole reaction
network for the cooperative binding between proteins as in the following paragraph (see
reaction network S3-3 in Appendix).
Our model has two phosphorylated tyrosine residues on a Lat molecule. PLC-y
and GRb2-SOS molecules can independently interact with an upper and a lower tyrosine
residue, respectively. When both of them are bound to tyrosine residues, they form a
stable signalsome, and the dissociation rate constant for each molecule with its tyrosine
residue is lower than the case when only one of them is bound to Lat. As described
before, PLC-y can cleave IP3 and produce DAG molecules, which activate RasGRP.
RasGRP then converts RasGDP to RasGTP.
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Depending on the concentration of RasGAP molecules, our system coupled with a
cooperative binding model exhibits either bimodality or unimodality in the steady-state
level of RasGTP molecules. For example, as can be seen in Fig. 3-4, when the system
consists of 20 RasGAP molecules, we observe an imperfect bimodality, while the system
shows only unimodality when it contains 15 RasGAP molecules (see Fig. S3-14).
Simulation results shown in Fig. 3-4 indicate that the lower fixed point is stable for both
the cluster and homogenous systems. However, we notice that the upper fixed point is
unstable for both systems, but the homogenous system exhibits more unstable bimodality.
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Figure 3-4. The steady-state levels of RasGTP and the number of cells containing a
given steady-state level of RasGTP. The diffusivity of molecules is 0.0167 pLm2/s. Each
system consists of 500 Ras and 20 RasGAP molecules per a pm 2. The total number of
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cells or trajectories is 500. (A) The cluster system that initially consists of Ras as a form
of RasGDP. (B) The homogenous system that initially consists of Ras as a form of
RasGDP. (C) The cluster system that initially consists of Ras as a form of RasGTP. (D)
The homogenous system that initially consists of Ras as a form of RasGTP.
When the membrane of a T cell initially contains Ras as a form of RasGTP, the
homogenous membrane system has a higher tendency to contain a greater number of
RasGDP at a steady state, compared to the cluster system, which implies that the
homogenous system induces a higher transition rate from the upper fixed point to the
lower fixed point. As discussed before, the cluster system may result in a lower reaction
rate between reactants when there is the same amount of reactants in both the cluster and
homogenous systems. Likewise, the cluster system may induce a lower reaction rate
between RasGTP and RasGAP molecules, thus stabilizing the upper steady-state level of
RasGTP. We also hypothesize that the cluster system may enhance rebinding of RasGTP
to the allosteric pocket of the nearby SOS molecule, once it dissociates from a SOS
molecule, mainly due to the close proximity between SOS molecules in a cluster.
3.3 Discussion
In this chapter, we extensively discussed how the configuration of membrane systems,
diffusivity of molecules, and the negative regulation of downstream signals such as
phosphorylated ITAM and RasGTP can affect the behavior of T cells. Our simulation
results suggest that the cluster system may enhance the production of downstream signals
at equilibrium. For example, in the presence of phosphatases of ITAM, we observed that
the cluster system induces the greater amount of doubly phosphorylated ITAM. In
addition, in a certain range of concentrations of RasGAP and diffusivities of molecules,
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the cluster system generates greater numbers of steady-state RasGTP molecules when
both systems exhibit unimodality in the level of RasGTP and results in the more stable
upper fixed level of RasGTP when the systems show the bimodality in the amount of
RasGTP at equilibrium.
As discussed above, the cluster system may reduce the reaction rate between
downstream signals and their negative regulators. We have already shown that the cluster
system can induce the slower reaction rate at early times of reaction in the second
chapter. When the downstream signals are generated from the cluster system, they face a
smaller number of unique negative regulators at any kth nearest distances, and the
diffusion time scale for the reaction between them and their negative regulators is longer
than in the homogenous system. The stability of the upper steady-state level of RasGTP
is greater in the cluster system mainly for two reasons: the lower reaction rate between
RasGTP and RasGAP in the cluster system and the enhanced positive feedback reaction
caused by rapid rebinding of RasGTP to the allosteric pocket of neighboring SOS
molecule in the same cluster. The recently published paper by Mugler et al. suggests the
enhanced rebinding of one species of reactants to another species of reactants which are
confined in the cluster [94]. It suggests that if enzymes that can doubly phosphorylate
cytosolic substrates are confined in a cluster in the membrane, then a greater fraction of
doubly phosphorylated substrate is observed than in the membrane system where
enzymes are randomly distributed, in the presence of cytosolic phosphatases of the
substrates. Mugler et al. claim that singly phosphorylated substrate can rebind to one of
the nearby enzymes in a cluster once it debinds to an enzyme and is less susceptible to
phosphatases before the enzyme diffuses far from the cluster of enzymes.
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We have shown that the slower diffusion of molecules surprisingly induces the
greater downstream signals. The steady-state numbers of doubly phosphorylated ITAM
can be increased upon reducing the diffusivity of molecules because of the increased
chances of rebinding of pMHC with moderate affinity or endogenous pMHC to a TCR
molecule. In addition, the increased rebinding between RasGTP and the allosteric pocket
of SOS molecules can enhance the positive feedback reaction. Furthermore, the diffusion
time scale for the interaction between ITAM and its phosphatase or between RasGTP and
RasGAP can be significantly increased upon the decrease in the diffusivities of
molecules.
76
Chapter 4
Stochastic error in thymic selection suggests the requirement of optimal peptide
repertoire in the thymus
The thymus is an important organ that produces highly antigen specific as well as cross-
reactive T cells, the orchestrators of the adaptive immune response. It achieves this by
means of two major processes called negative and positive selection. These occur when
naive T-cell receptors (TCR) interact with complexes comprising of endogenous peptides
bound to protein products of the major histocompatibility complex (MHC) gene.
Recognizing that the thymus is susceptible to stochastic errors during the selection
processes, we have explored scenarios which result in the escape of autoreactive T cells,
particularly those resulting from varying the types and copy numbers of endogenous
peptides presented in the thymus. The results from our computational models suggest
significant roles of intra-thymic diversity and concentrations of endogenous peptides as
variables that mediate central tolerance in the presence of unavoidable stochastic errors
from thymic selection.
4.1 Introduction
MHC proteins bind to short peptides cleaved from both antigenic and endogenous
proteins, and the resulting peptide-MHC complex (pMHC) is presented on the plasma
membrane of antigen-presenting cells (APCs). T cells are responsible for discriminating
between self and non-self markers on APCs and mounting an immune response in case of
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a genuine infection. A T cell interacts with an APC by means of the T-cell receptor
molecule on its surface engaging with the pMHC complex.
TCRs are generated through stochastic rearrangement and the naive T cells
bearing them migrate to the thymus to undergo selection through interaction with
endogenous (or self) pMHC molecules [3,10,63,95,96]. The role of thymic selection is to
detect and remove two kinds of T cells- ones that bind with high affinity to any self
pMHC molecule (negative selection) and those that are unable to bind with reasonable
affinity to even a single self-pMHC molecule (positive selection or death by neglect)
[3,56,57,59,60]. The selection process is thought to ensure prevention of autoimmune
diseases that could be caused by autoreactive T cells, and deletion of T cells that would
be unable to competently detect molecular signatures of pathogens.
During positive selection, T cells that have weak interactions with all pMHCs in
the thymus are removed. Therefore, positive selection results in MHC restriction,
ensuring that only those T cells that can stably interact with the MHCs survive and
migrate out of the thymus. On the other hand if any T cell strongly interacts with an
endogenous pMHC, it can potentially react against a specific normal tissue resulting in an
autoimmune response [96,97,98,99]. Negative selection eliminates such autoreactive T
cells.
TCR recognition of an antigenic peptide is highly specific, but it is also
degenerate [3,63]. A T cell that can recognize a particular pMHC complex usually fails to
do so if point mutations are introduced in the peptide, hence specificity. Degeneracy or
cross-reactivity arises from the ability of a given T cell to recognize several antigenic
pMHC. This counter-intuitive dichotomy has been referred to as the specificity-
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degeneracy conundrum. It was originally believed that the specificity of TCR to single
point mutations in a peptide was a consequence of positive selection.
However, recent experimental work by Huseby et al. and synergistic
computational investigations by Kosmrlj et al. suggest that negative selection plays the
dominant role in mediating specificity of TCRs [3,62,63]. The experimental results from
Huseby et al. showed that a normal repertoire of peptides in the thymus produces antigen-
specific T cells which are sensitive to mutations of certain amino acid sites (hot spots).
However, if there are only peptides of one type (amino acid sequence) in the thymus, T
cells become more tolerant to most mutations of antigenic peptides [63].
Because the free energy of interaction between a TCR and endogenous-pMHCs in
the thymus is important in mediating selection, a simple model was developed by
Kosmrlj et al. to calculate this quantity [3]. In their model, the TCR and peptide
backbones sat parallel to each other and only opposite residues on either backbone
interacted with each other in a purely energetic manner.
Kosmrlj et al. employed sharp thresholds for negative and positive selection to
compute the survival statistics of naive T cells and to understand the characteristics of
amino acid residues that populate them [3]. Implicating negative selection as the
dominant mediator in shaping antigen-specific TCRs, computational results showed that
these TCRs were enriched with weakly interacting amino acids. These kinds of TCRs
would usually fail to recognize point mutations in antigens because each contact makes a
significant contribution to the overall interaction energy and disrupting any of these leads
to the abrogation of recognition. On the contrary, having only one type of peptide in the
thymus produces TCRs that possess few strongly interacting amino acids in their
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sequences. These T cells retain the ability to recognize point-mutated antigenic peptides
with high probability because the interaction between the few strongly interacting
residues on the TCR with their apposing counterparts on the pMHC dominate the overall
interaction energy and point mutations on the rest do not affect recognition.
Despite the undoubted importance of the thymus in adaptive immunity, it can turn
against the body by producing autoreactive T cells. Even healthy individuals can
potentially have low-levels of autoreactive T cells [96,100,101]. Fortunately, these
autoreactive T cells can be checked and suppressed by other immune cells, such as
regulatory T cells (Treg) [10,96,97,100,101]. However, if there are high concentrations of
autoreactive T cells in the body, the system of checks and balances can be subverted to
produce an autoimmune response. The production of autoreactive T cells in a normal
individual is inevitable because of stochastic errors in thymic selection as indicated by
experimental data [102]. Events such as escape of autoreactive T cells from negative
selection and survival of incompetent T cells could result from molecular fluctuations
during binding [61,102,103,104].
It is experimentally challenging to analyze the influence of the endogenous
peptide repertoire on the generation of autoreactive T cells in vivo. Consequently, there
has been no clear understanding on the effect of the numbers of types of endogenous
peptides and copies of each type of endogenous peptide on autoimmunity. Therefore, we
have focused on these two aspects of endogenous peptide profile in our computations.
Daniels et al. suggest that a ligand whose stimulatory potency lies between the
weakest negative selector and strongest-biding positive selector peptide can itself be a
negative selector or a positive selector depending on its concentration at the physiological
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condition [64]. Furthermore, even weak agonists that binds stably to the respective MHC,
but usually do not activate T cells in the physiological concentration in the thymus, can
activate T cells at high concentrations [102,103,104]. These results indicate imperfections
in the selection processes and suggest soft thresholds for negative and positive selections.
In addition, Autoimmune regulator (Aire) is known to be an important gene in
enabling epithelial cells in the thymus to express antigens for certain types of peripheral
tissues such as insulin and salivary protein-1 [98,101]. Mutation or deletion of Aire
results in serious autoimmune diseases such as type I diabetes [98]. This suggests that the
thymus should present a diverse set of endogenous peptides representative of most
peripheral tissues in the body to avoid autoimmune reactions. In addition, each type of
peptide can have several copies in the thymus enabling multiple interactions of a TCR
with a given pMHC type. An investigation into the significance of these effects through a
computational model could facilitate a deeper understanding of the causal relationships
between the endogenous peptides repertoire and autoimmunity.
4.2 Models and methods
The work by Kosmrlj et al. describe thymic selection of TCRs by a simple 'string model'
that considers the free energy of interaction between the hypervariable regions of the
TCR and the peptide bound to the MHC [3]. The TCR and the pMHC complexes are
represented as strings of residues. The total free energy of interaction between a TCR and
a pMHC takes a contribution from the interaction energy between the conserved parts of
the TCR and pMHC and that between the hypervariable CD3 loop of TCR and the
peptide. Although Miyazawa and Jernigan's empirical interaction potential energy
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between two amino acids (MJ matrix) was used in the numerical computations, it was
also shown that the qualitative results are independent of the choice of potential [3,105].
For a given number of endogenous-peptides in the thymus, we generate a panel of
one million TCRs by picking amino acid residues for the hypervariable CDR3 loop of the
TCR. The amino acid residues in the endogenous-peptides and the TCRs are picked
according to their frequency of appearance in the human proteome. The interaction
energy between the conserved CDRI and CDR2 regions of the TCR and MHC is
assigned a constant value, Fc. On the other hand, the interaction energy for a given TCR
CDR3 residue ti and its corresponding pMHC residue si, F(ti, si), is calculated based on
the parameterized potential from the MJ matrix [105]. Though this is not quantitatively
precise, we emphasize that our objective is to obtain qualitative mechanistic insights and
not exact numerical answers.
Our interest in this study is to illustrate what kind of residues populate the
selected TCRs as a consequence the thymic environment and energetic criteria through
the simple TCR-pMHC interaction model we have proposed. The thymic environment is
characterized by the number of endogenous peptides that the thymus presents in order to
design its repertoire of self-tolerant TCR sequences that recognize antigenic peptides.
Our simulations results illustrate the consequences of selecting TCRs against varying
number of self-peptides in the thymus.
Following the principle of positive selection and negative selection, a given TCR
is selected if its free energy of interaction is stronger than Fe with at least one endogenous
peptide and is never stronger than FN for any peptide (note that FN and Fe are negative
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values). This is a 'sharp threshold model' since the boundaries for positive and negative
selections are sharply defined.
To understand the effects of the thymic environment characterized by the
endogenous peptide profile on the generation of autoreactive T cells, the probability
density for the survival of T cells with respect to the interaction energy has been modified
in the light experimental results from Daniels et al. [64]. The results suggest using a soft
threshold that resembles a half Gaussian distribution. As mentioned before, these
thresholds can represent stochastic effects during association of TCR from endogenous
pMHC. Therefore, in our model for the generation of autoreactive T cells, half Gaussian
distributions for negative and positive selections were added to represent the stochastic
error in the thymic selection processes as indicated in Fig. 4-1.
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Figure 4-1 Probability of survival of T cells based on the interaction free energy. a.
and a+ denote the standard deviations for the left and the right half Gaussian distributions,
respectively. The negative threshold (FN-Fc) is set to be -40 kBT and the positive
selection threshold (Fp-Fc) is set at -35 kBT. The probability of the survival of T cells that
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interact with endogenous pMHC stronger than the positive selection threshold and
weaker than the negative selection threshold is normalized to unity. A, B, C, D, and E
represent regions of qualitatively different reaction events. If the interaction free energy
falls in region A, the T cell is negatively selected out, while in region B the T cell can
still escape negative selection with a finite probability. If the T cell interacts with all of
the endogenous pMHCs weaker than the positive selection threshold and all events fall
into the region E, the T cell dies by neglect, but it can be positively selected if at least one
interaction event falls into the region D.
Because T cell activation threshold in peripheral tissues is similar to the negative
selection threshold, we assumed those T cells that have escaped the negative selection
threshold can be autoreactive [102]. In our model, each interaction event involves
generating a random number between zero and one and comparing it with the value of
probability density at a given interaction free energy. For example, when a TCR reacts
with an endogenous pMHC with an interaction free energy of -42 kBT, a T cell has two
fates; either it escapes the negative selection (event falling into the region B of Fig. 4-1)
or it is simply killed (event falling into the region A of Fig. 4-1). Likewise, T cells that
interact with all peptides with a free energy weaker than the positive selection threshold
(Fp) can potentially still be positively selected. The aY value for the left half Gaussian (a.)
is set to be kBT while the aY value for the right half Gaussian (a.+) is assigned to be 5 kBT.
The values for Y of two half Gaussians may not be quantitatively correct, but their
relative magnitudes are assigned to explain the qualitative phenomena of the generation
of autoreactive T cells inspired by experimental data that indicate the relatively steep
threshold of negative selection and analog character of positive selection [17,64]. Daniels
et al. show that upon binding to a ligand, depending on the strength of the binding,
different compartmentalization of intermediates for downstream signaling pathways such
as MAPK can occur in T cells, explaining the different responses of T cells to positive
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and negative selectors [64]. In addition, relatively broad soft threshold for positive
selection is set to explain its relatively low fidelity that can convert even weak agonist
peptides to strong agonists at high concentrations.
Kosmrlj et al. generated endogenous peptides and TCRs of length ten by picking
out residues according to their frequency of appearance in the human or mouse proteome
and investigated the statistics of interaction between the two sets [3]. Since the set of
possible sequences is very large (~1020) compared to the number of randomly generated
endogenous peptides in simulation, nearly all of them end up having single copies.
However, each type of peptide can have several copies and the level of expression of
each type is highly correlated with its binding affinity to the corresponding MHC protein.
In our computations, we allow each type of endogenous peptide to have several copies to
examine the effect on the number of autoreactive T cells as well as surviving T cells.
However, we have neglected the correlation between endogenous peptide concentration
and MHC type, which saves us from great computational cost as well as complexity
derived from MHC structure. Because there is no significant correlation between the
binding affinity of TCRs to endogenous peptides and the binding affinity of endogenous
peptides to MHCs, it is hard to predict peptide concentration based on these parameters
[103]. For simplicity, we have assumed equal numbers of copies for each type of peptide
in our calculations. Although this model cannot extract the effects of MHC haplotype on
the endogenous peptide repertoire, it can yield insights into how the number of copies
affect the generation of autoreactive T cells based on the interaction level between a TCR
and pMHC.
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4.3 Results
4.3.1 The effect of number of types
We have calculated the overall free energy to explore the relation between the
endogenous peptide profile and the generation of autoreactive T cells. To find the effects
of the number of types of peptides on the survival of T cells as well as on the generation
of autoreactive T cells, the number of types was varied at a fixed number of copies.
A few definitions are in order. The 'fraction of surviving T cells' is defined as the
ratio of the number of surviving T cells to the original number of T cells made in the
thymus. The 'fraction of autoreactive cells' is defined as the ratio of the number of
autoreactive T cells to the number of original T cells. We performed numerical
simulations to characterize the effects of positive and negative selection on the generation
of autoreactive T cells. Here, a moderate value interaction free energy between the
conserved regions of a TCR (CDR1 and CDR2) and a MHC (Fc) was used, as explained
in Kosmrlj et al. [3].
For the sharp threshold model, the survival fraction of T cells increases as the
number of types of peptides increases up to a certain point and then it begins to decrease
(see Fig. S4-1). This pattern can be explained as follows. As the number of types of
peptides increases, so does the chance of having peptides that interact with a given T cell
with energy stronger than the positive selection threshold. But there is a critical value of
peptide types, beyond which the higher propensity of a given T cell to interact with some
peptide with strength exceeding the negative selection threshold starts to dominate the
selection statistics. The effects of negative selection overshadow positive selection
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beyond this point. In conclusion, for a large number of types of peptides, the survival
fraction of T cells continuously decreases as the number of types of peptides increases.
Imposing soft thresholds for negative and positive selection changes the
qualitative behavior for the number of surviving T cells and autoreactive T cells as
compared to the sharp threshold model. Fig. 4-2 illustrates the effect of the number of
peptide types at a fixed number of copies for each type. For most our simulations, we
make 1000 T cells interact with a given amount of peptides and repeat this process for
several hundreds and obtain the mean values and standard deviations of fractions of
surviving T cells and autoreactive T cells. We have also examined the quality of T cells
in peripheral tissues by observing the percentage of autoreactive T cells that escape.
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Figure 4-2 The effect of the number of types of peptides. The number of copies for
each type of peptide is fixed at 100. (A) Fraction of surviving T cells (the number of
surviving T cells/the original number of T cells made in the thymus) (B) Fraction of
autoreactive T cells (the number of autoreative T cells/the original number of T cells
made in the thymus)
We see that as the number of types of peptides increases, the number of surviving
T cells decreases monotonically; the number of autoreactive T cells increases up to about
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1000 types of peptides and then begins to decrease. High copy numbers and the soft
threshold attenuate the effect of positive selection at low values of peptide types in
contrast to the sharp threshold case ensuring that most weakly interacting T cells with
interaction inside region D end up being positively selected. However, as can be
expected, the effects of positive selection start to resurface at low copy numbers; the
number of surviving T cells initially increases and then decreases as the number of types
of peptides increases (see Fig. S4-2 A).
Negative selection continues to play a significant role in determining the fate of T
cells. For a given number of original T cells, as the number of types of peptides increases,
the numbers of T cells that interact with any pMHC stronger than the negative selection
threshold increase, while weakly interacting T cells decrease in number. Up to a critical
number of peptide types (1000 in our simulations), this causes an increase not only in the
number of T cells that are negatively selected out, but also the escaping autoreactive ones
owing to the soft threshold. However, as the number of peptide types increases further,
the chance for strongly interacting T cells to be negatively selected out becomes much
higher than the chance of escape causing the number of autoreactive T cells to decrease.
On the other hand, as the larger numbers of types are generated, the number of the
peptides enriched by strongly interacting amino acids increases, making both the non-
autoreactive and autoreactive TCR to be enriched in weakly interacting amino acids (see
Figs. S4-5, A and B) because T cells of which TCR mainly composed of strongly
interacting amino acids have higher chances to be negatively selected out. As a result,
increasing the number of types of peptides makes autoreactive T cells to less strongly
react with endogenous as well as antigenic peptides.
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The quality of T cells (1-number of autoreactive T cells/number of surviving T
cells) is also important aspect to be examined. Although the number of autoreactive T
cells decreases as the number of types of peptides exceeds the certain value, the number
of surviving T cells decreases more sensitively. As a result, as can be seen from Fig. S4-
2, the quality of peripheral T cells becomes worse as the number of types of peptides
increases.
4.3.2 The effect of number of copies
Although many experiments suggest the presence of multiple copies of peptides
expressed by MHCs of antigen-presenting cells (APCs) [10,106], the significance of
having such properties on autoimmunity remains to be understood. As we can see from
Fig. 4-3, both the number of surviving T cells as well as the number of autoreactive T
cells decrease as the number of copies of each type of peptide increases. With increasing
copy numbers, more reaction events can be made to occur at a particular value of the
interaction free energy between a T cell and an endogenous pMHC resulting in increased
sampling.
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Figure 4-3 The effect of the number of copies (repeats) of each type of peptide. The
number of types of peptides is fixed at 100. (A) Fraction of surviving T cells (the number
of surviving T cells/the original number of T cells made in the thymus) (B) Fraction of
autoreactive T cells (the number of autoreative T cells/the original number of T cells
made in the thymus)
For a fixed number of types of peptides (e.g. 100), naive T cells can be classified
as strongly interacting (interacting with any pMHC stronger than the negative selection
threshold), moderately interacting (interacting with at least one pMHC stronger than the
positive selection threshold, but interacting with all pMHCs weaker than the negative
selection threshold), and weakly interacting (interacting with all pMHCs weaker than the
positive selection threshold) with endogenous peptides. As the number of copies of
peptides or concentration of peptides increases, the chances of weakly interacting T cells
to be positively selected and strongly interacting T cells to be negatively selected out
increase respectively, a phenomenon which follows from known experimental results
[64,102,103].
While increasing number of weakly interacting T cells end up positively selected
as peptide copy numbers increase, the magnitude of the increase is small because the total
number of weakly interacting T cells is quite small at a large number of types of peptides
for moderate values of Fc. Our simulations showed that amino acid frequencies of non-
autoreactive TCRs do not change with varying copy numbers (see Fig. 4-3 B). Although
the change of amino acid frequencies is not visible as seen from the case where only the
number of types of peptides is varied at a fixed number of copies, the subtle change is
observed. This happens because TCR with higher frequencies of strongly interacting
amino acids have higher chances to be eliminated at a higher copy numbers in accordance
with the soft threshold (see Fig. S4-6, A and C). Negative selection continues to
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predominantly determine the overall number of surviving T cells. More T cells are
negatively selected out and consequently fewer numbers of autoreactive T cells escape.
As the number of copies increase infinitely, any T cell interacting with an
endogenous pMHC type with a free energy larger than the negative selection threshold
will be negatively selected out, and the number of autoreactive T cells will be zero. As
expected, the soft threshold for negative selection becomes sharp in the limit of infinite
copy numbers. At an infinite number of copies the only surviving T cells are those having
interaction energies less than the negative selection threshold with all peptides. This
observation suggests advantages that multiple copy numbers can confer in terms of
reducing the number of autoreactive T cells.
4.3.3 The effect of constraining the total number of peptides
The other possible scenario of interest is when the total number of peptides is fixed while
number of types and copies are varied inversely with each other. Our simulations show
that as the number of types of peptides increases for fixed total number, the number of
surviving T cells and the number of autoreactive T cells continuously decreases and
increase respectively (Fig. 4-4).
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Figure 4-4 The effect of the number of types of peptide for a fixed total number of
peptides. The total number of peptides is fixed at 10 (A) Fraction of surviving T cells
(the number of surviving T cells/the original number of T cells made in the thymus) (B)
Fraction of autoreactive T cells (the number of autoreative T cells/the original number of
T cells made in the thymus)
As the number of types of peptides increases, the number of TCRs that interact
with some peptide stronger than the negative selection threshold increases. Despite this,
decreasing number of copies lowers the probability of negative selection for strongly
interacting T cells since the number of reaction events decreases. This leads to the escape
of a larger fraction of autoreactive T cells. Further, we observed that the frequency
profiles for amino acid sequences for autoreactive and non-autoreactive TCRs are
qualitatively similar to those observed in the case where the number of types of peptides
is varied at a fixed number of copies (see Fig. S4-7, A and B).
The role of positive selection in determining the overall number of surviving T
cells becomes less important as the number of types of peptides increases. Consider the
case for total number of peptides fixed at 105 (see Fig. 4-4). When only one type of
peptide is generated with 105 copies, most T cells are positively selected owing to the soft
threshold for positive selection. However, when there are 105 peptide types with single
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copies, most weakly interacting T cells fail to get positively selected. Increasing the
number of peptide types also increases the fraction of T cells that get negatively selected.
Interestingly though, we observe that the fraction of autoreactive T cells also increases.
This is because strongly interacting T cells that would have ordinarily been negatively
selected in the presence of higher copy numbers escape in this situation.
4.4 Discussion
Although thymic stromal cells present many types of endogenous peptides and many
copies for each type, the significance of having such properties in the thymus, especially
its implications on autoimmunity have not been investigated from a theoretical
standpoint. Here we have attempted to shed light on these issues through computational
analysis.
Our calculations show that as the number of types of peptides increases, the
fraction of autoreactive T cells among surviving T cells increases although the absolute
number of autoreactive T cells initially increases and then decreases for moderate values
of FN-FC. The extent of autoimmunity is determined by both the quantity of autoreactive
T cells produced and the quality of peripheral T cells. Minimizing the number of
autoreactive T cells would require the thymus to increase or decrease the number of types
of peptides from the critical value where the number of autoreactive T cells reaches a
maximum (Fig. 4-2). Considering the quality of the peripheral T cells, the number of
types of peptides should be small. However, as indicated by Kosmrlj et al., large number
of types of peptides are essential in making antigen-specific T cells which ought not to be
compromised for the quality of peripheral T cells. Although the level of production of
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autoreactive T cells varies over different values of FN-FC, the quality of peripheral T cells
declines regardless of the value of FN-FC (see Fig. S4-8 C). My work suggests that there
might be optimal number of peptides with distinct amino acid sequences presented in the
thymus that maximized the number of normal T cells, while minimizing the number of
autoreactive T cells.
Where large number of types of peptides increases the fraction of autoreactive T
cells, increasing the copy numbers does the opposite regardless of value of FN-Fc (see
Fig. S4-9). This clearly suggests an important evolutionary role that multiple copies of
endogenous peptides in the thymus play. The thymus has to thus tune the number of
peptide types and copy numbers in order to design an antigen-specific robust T cell
repertoire that has a low fraction of autoreactive T cells.
Constraining the total number of peptides, we observe that as the number of types
of peptides increases, the number of autoreactive T cells as well as the fraction of
autoreactive T cells increases. Once again, diverse peptides types are essential to make
the T cells antigen specific. Our simulations reveal that larger the total number of
endogenous peptides, smaller is the number of autoreactive T cells and also their fraction
over the surviving T cells (see Figs. S4-4, B and C). Therefore, from an evolutionary
standpoint, one would not expect the thymus to constrain the total number of peptides
presented but only increase the diversity at reasonable copy numbers.
In physiological conditions, only a small fraction of naive T cells (less than one
percent) end up surviving. This may be a consequence of the cumulative effect of many
types of peptides as well as multiple copies of each of them presented by numerous
MHCs of many alleles in the thymus. At first glance, there are huge disadvantages to
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having both many types of peptides and many copies of each type in the thymus since
these conditions result in the elimination of many T cells by negative selection.
Nevertheless, as we have argued, such a sacrifice seems inevitable for the thymus in its
ultimate goal of designing a self-tolerant but highly competent T cell repertoire.
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Chapter 5
Conclusion
5.1 Summary
The recent discovery of clustered proteins provides us challenging and exciting problems
in immunology. Although many scientists have struggled to find the roles and properties
of these clustered proteins, they are still ambiguous. As a researcher in a computational
immunology lab, I formulated the following research topic, hoping to provide insight into
the roles of clustered proteins. Lillemeier at al. suggested that TCR and Lat molecules are
preclustered on the membrane of T cells [69]. 1 hypothesized that these clustered proteins
should have roles in early T-cell signaling because the formation of these clustered
proteins causes entropic costs for T cells. Therefore, I focused on finding the possible
benefits of having this highly organized structure for a T cell by comparing the behavior
of T cells between the membrane system containing protein clusters (cluster system) and
the membrane with randomly mixed proteins (homogenous system) at a given amount of
signaling proteins.
I have examined whether spatial segregation between TCR and Lat molecules due
to the cluster formation might affect the downstream signals differently from the
homogenous membrane system. The mechanism of the correlation between the amount of
active ZAP-70 generated from TCR and the potency of antigenic pMHC molecule that
the TCR interacts with remain unclear. In addition, how active ZAP-70 phosphorylates
Lat molecules is still unknown. However, we know that inactive ZAP-70 is recruited to
TCR after ITAM becomes phosphorylated, which implies that active ZAP-70 probably
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can also diffuse away from TCR. Yokosuka et al. have shown that active ZAP-70 can be
located out of TCR clusters [14]. Assuming that active ZAP-70 diffuse and react with Lat
molecules, my simulation results indicate that the cluster system can reduce the amount
of downstream signals.
We investigated the reaction that considers the binding and unbinding between
two reactants, which leads to the modification of the state of one of the reactants by
another reactant. For example, in our cluster and homogenous systems, the Lat molecules
interact with and become phosphorylated by active ZAP-70. In our system, we examined
how the amount of downstream signals, which are singly phosphorylated Lat molecules,
changes over time. In the absence of phosphatases that can dephosphorylate Lat
molecules, we found that the homogenous system induces a greater reaction rate
compared to the cluster system at early reaction times. In the presence of phosphatases,
the steady-state level of phosphorylated Lat molecules was greater in the homogenous
system.
To analyze the effect of configuration of systems on the generation of
downstream signals, we first compared downstream signals generated by the
homogenous system and the cluster system that confines only Lat molecules inside
clusters and initially homogenously distributes active ZAP-70, which can diffuse through
all domains. In this comparison, we also found that the homogenous system still induces
a greater initial reaction rate between Lat and active ZAP-70. Interestingly, when we
increase the number of Lat clusters at a fixed total amount of Lat molecules in the cluster
systems, we observe a greater reaction rate that approaches that of the homogenous
system. We notice that increasing either the number of Lat clusters or the size of clusters
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makes the topology of reactants in the cluster system become more similar to that in the
homogenous system. We find that increasing the number of Lat clusters does not change
the distance profile between reactants, but increases the number of unique ZAP-70 per
Lat molecule. Increasing the number of unique ZAP-70 per Lat can increase the initial
reaction rate because of the increased number of Lat molecules interacting with the ZAP-
70 molecules in a given time interval.
When the cluster system initially confines ZAP-70 molecules inside TCR clusters,
the system induces a larger diffusion time scale for active ZAP-70 to encounter Lat
molecules at early reaction, compared to the cluster system that initially distributes ZAP-
70 molecules homogenously. As expected, our simulation results indicate that the further
discrepancy between the reaction rates in the homogenous system and the cluster system
that confines the ZAP-70 molecules initially inside clusters. In the presence of
phosphatases, we observe the greater fraction of phosphorylated Lat at a steady state in
the homogenous system compared to the cluster system. The probability of an active
ZAP-70 encountering a Lat molecule for the first time exponentially reduces by the
number of encounters between the active ZAP-70 and phosphatases. This number is
greater in the cluster system, thus inducing the more rapid decrease in the amount of
active ZAP-70 molecules in the cluster system.
We then focused on the effect of the configurations of the T-cell membranes on
the detection of antigenic pMHC molecules and the bimodality of the production of
RasGTP. The mechanism of how a T cell recognizes the presence of antigenic pMHC
molecules has been ambiguous. McKeithan proposed the kinetic proofreading model to
describe how antigenic pMHC molecule can induce a higher probability of full
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phosphorylation of the TCR that the pMHC interacts with [26]. However, his model has
shortcomings in explaining why stronger antigenic pMHC molecules induce the greater
amount of downstream signals, because this phenomenon contradicts serial engagement
hypothesis, proposed by scientists such as Valitutti et al. and Dushek et al. The serial
engagement hypothesis suggests that very strong antigenic pMHC with a low dissociation
rate constant with TCR, koff, does not necessarily induce the stronger downstream signals
in terms of the amount of fully phosphorylated TCR, compared to the moderately
interacting pMHC [1,28]. Because a strong antigenic pMHC has a lower kog, the total
amount of unique TCR proteins that the antigenic pMHC can interact with per unit time
might be lower than the amount that the weaker antigenic pMHC can interact with.
Therefore, pMHC with moderate kof can induce the maximal amount of fully
phosphorylated TCR according to the serial engagement hypothesis. Nevertheless, Holler
et al. have shown that antigenic pMHC with very strong affinity interaction with TCR
can still trigger T-cell activation [11,24]. Holler et al. examined the strong affinity
interaction that is out of the range of koff observed in vivo and found that the strong
affinity with low koff actually still induces the strong response of cytotoxic T
lymphocytes (CTL). Both the kinetic proofreading model and serial engagement
hypothesis have their own merit in explaining the mechanism of a T cell's response to
antigenic pMHC. However, each model alone insufficiently describes the experimental
observation, which indicates that the stronger antigenic pMHC, with a longer lifetime of
interaction with TCR, triggers the T cell more strongly [11,24].
We examined our membrane system that consists of both endogenous and
antigenic pMHC molecules. The concentration of antigenic pMHC may vary among
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antigen-presenting cells, but it is typically much lower than that of endogenous pMHC
molecules. Our system also consists of coreceptors and phosphatases of ITAM. Our
simulation results indicate that, in a certain range of kinetic parameters and
concentrations of reactants, as we increase the potency of antigenic pMHC molecules by
lowering kort, a T cell tends to generate stronger downstream signals, the amount of
which is measured by doubly phosphorylated ITAM. In other words, we did not observe
the prominent peak of downstream signals at a moderate value of koff. Therefore, our
results qualitatively correspond to the experimental results suggested by Holler et al. We
hypothesized that this phenomenon might be explained by the reduced serial engagement
effect of antigenic pMHC molecules, mainly because highly concentrated endogenous
pMHC molecules compete with antigenic pMHC molecules for binding to TCR.
However, we have found that rapid dephosphorylation by phosphatases were the main
cause of observing no optimal kof. For example, when we reduced the concentration of
phosphatases significantly, our system begins to show the serial engagement effect.
Therefore, our system captures the significances of concentration of phosphatases in fine
detection of antigen pMHC. McKeithan's simple model that assumes spontaneous rapid
dephosphorylation of ITAM upon the dissociation between TCR and pMHC does not
capture the effect of the concentration of phosphatases on the qualitative response of a T
cell to pMHC at various affinities. Based on our results, we can hypothesize that a
sufficiently strong negative regulation on the phosphorylated ITAM might be necessary
for the fine detection of antigenic pMHC. However, it would be necessary to reduce the
strength of negative regulation for maximizing the production of effective downstream
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signals upon the stimulation of T cell. This hypothesis will be discussed in more detail
with experimental data in the next section.
The effect of diffusivity of proteins as well as the configuration of systems on the
steady-state level of fully phosphorylated ITAM was discussed. The reduced diffusivity
of proteins interestingly increased the level of downstream signals. The decrease in the
diffusivity of molecules can increase the probability of rebinding between molecules.
This suggests that chances for the weakly or moderately interacting pMHC molecules
with TCR to fully phosphorylate ITAM increases significantly by the reduction of
diffusivity of molecules. It is obvious that too slow diffusion or no diffusion of molecules
might cause a very long or infinitely long diffusion time scale for interaction between
reactants, so there will be a very slow reaction rate or almost no reaction between
reactants. Nevertheless, in a range of kinetic and diffusion parameters of our system, we
observe the increase in the downstream signals mainly due to enhanced rebinding
between molecules. In addition, our cluster system also results in a greater amount of
downstream signals. As discussed before, the cluster system can cause the slower
response of dephosphorylation of phosphorylated ITAM by phosphatases.
The positive feedback mediated by SOS molecules can cause the bimodality in
the level of RasGTP in a T cell at a steady state in the presence of RasGAP molecules.
Such bimodality might be important for T cells in optimal decision based on the
incoming signals from the environment. For example, a resting T cell has a low number
of RasGTP molecules at the steady state. However, when TCR interacts with antigenic
pMHC molecules, the initial abrupt increase in concentrations of certain molecules such
as phosphorylated Lat molecules will enable a T cell to produce a large amount of
101
RasGTP molecules, maintain such a level for a long time, and remain in an active state to
change its morphology and function. Therefore, the bimodal decision with a given
number of key proteins for T cell activation, such as Ras molecules, is crucial for proper
immune responses. We extended bimodality of RasGTP to our cluster system to see how
the configurations of the membrane system as well as the diffusivity of molecules affect
the bimodality. We observe bimodality in the amount of steady-state level of RasGTP at
moderate or fast diffusion of molecules. However, the bimodality disappears when the
diffusion becomes very slow because of enhanced rebinding of RasGTP to the allosteric
pocket of a SOS molecule and the very long diffusion time scale for the interaction
between RasGTP and RasGAP. In addition, the cluster system enhances the bimodality
more than the homogenous system. The cluster system can cause the less reaction rate
between RasGTP and RasGAP and enhance the rebinding of RasGTP to an allosteric
pocket of the neighboring SOS molecule in a cluster. In other words, the cluster system
improves chances for RasGTP to rebind to an allosteric pocket before being hydrolyzed
by RasGAP molecules.
The macroscale immune response such as thymic selection is susceptible to
stochastic error. Naive T cells undergo the selection process by interacting with
numerous endogenous peptides present on the epithelial and bone-marrow-derived
antigen-presenting cell in the thymus [59,107]. The repertoire of the endogenous peptides
present in the thymus is diverse in terms of a sequence of amino acids [3]. In addition,
APC can present multiple copies of the same peptide sequence [10,106]. Through the
selection process, T cells' recognition of antigenic peptides becomes diverse and specific
[3]. Among two main selection processes, negative selection removes strongly interacting
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T cells, thus reducing the chances of escape of autoimmune T cells. Another process
called positive selection eliminates those weakly interacting T cells, which would not be
able to recognize antigenic peptides. However, thymic selection might not be perfect,
because even healthy people have a small number of autoreactive T cells in their
peripheral tissues [96,100,101]. We implemented soft thresholds for the probability of
survival of a T cell that depends on the affinity interaction between pMHC and TCR
following the experimental observation of an imperfect selection process.
We examined the effect of numbers of types and copies of endogenous peptides
on the generation of autoreactive T cells, survival fraction of naive T cells, hypervariable
CD3 loop sequence of TCR of those T cells that have survived, and endogenous peptide
sequences. From our simulation results, we found that the increase in the number of
types of endogenous peptides in the thymus increases the fraction of autoreactive T cells
among those T cells that have survived, while increasing the total number of autoreactive
T cells up to a certain number of types of peptides and then continuously reducing it.
However, such qualitative results may change depending on the negative selection
threshold (see S4-8). Otherwise, the fraction of autoreactive T cells among surviving T
cells, which determines the quality of T cells in the peripheral tissue, only worsens as the
number of types of peptides increases. The increased number of strongly interacting
endogenous peptides due to the increased number of types of peptides improves the
chances for the death of strongly interacting T cells but does not change much the
probability of the death of moderately interacting autoreactive T cells because of a high
probability of survival near the negative selection threshold. A sufficiently large number
of types of peptides is necessary to generate antigen-specific T cells, but it can result in a
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worse quality of T cells in the peripheral tissue. Otherwise, the increase in the number of
copies of endogenous peptides reduces the fraction of autoreactive T cells among T cells
in the peripheral tissue as well as the total amount of autoreactive T cells that have
escaped thymic selection. The chances for the survival of those T cells moderately
interacting with peptides by interaction energy just above the negative selection threshold
dramatically declines exponentially with the number of copies. This fact implies that
increasing copy numbers may help improve the quality of peripheral T cells. Therefore, if
there exists a limited amount of peptides that antigen-presenting cells can express in the
thymus, there should be optimal numbers of types of peptides as well as numbers of
copies to ensure the maximum production of antigen-specific as well as non-autoreactive
T cells. To satisfy such criteria, the thymus should be equipped with a large number of
endogenous peptides with a sufficiently great diversity of peptides and copies of each of
them, but not too large numbers of types and copies of peptides to sacrifice most of the
naive T cells.
5.2 Future Steps
5.2.1 The clustered Lat proteins may enhance the stability of signalsome on Lat and
Ras nanocluster formations
We have discussed the effect of configurations of membrane system on the bimodality of
the steady-state level of RasGTP, which is induced by the positive feedback loop of the
production of RasGTP and the negative regulation of RasGTP by RasGAP. Our
simulation results indicate that the upper steady-state level of RasGTP in the cluster
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system can be more stable than that in the homogenous system. As described in the
introduction, many molecules, such as PLC-y, Gads-SLP76, and GRb2-SOS, can
cooperatively interact with a Lat molecule and form a stable signalsome. It would be
interesting to see whether this cooperative binding can be also enhanced more in the
cluster system, thus causing a further enhanced upper fixed level of RasGTP. I
hypothesize that the cluster system may enhance the effective duration of maintaining a
signalsome due to rapid rebinding of molecules to phosphorylated Lat molecules in a
cluster. To test this hypothesis, it would be necessary to reduce our current model to
consider only the cooperative binding between PLC-y, Gads-SLP76, and GRb2-SOS and
to examine the number of signalsomes observed in both the cluster and homogenous
systems. If the cluster system indeed improves chances for the proteins to form a
signalsome, then we can expect the enhanced production of RasGTP through PLC-y as
well as GRb2-SOS.
The initial formation of a K-RasGTP nanocluster might happen near the SOS,
which is bound to the phosphorylated Lat, because SOS is the main molecule that rapidly
produces RasGTP by the positive feedback reaction. This highly probable event also
implies that, if the diffusivity of Ras nanocluster is small, many Ras nanoclusters can be
localized in a Lat protein island, considering the sizes of both the Ras nanocluster (-0.02
ptm in diameter) and the Lat cluster (~0.2 pm). We have already discussed several
possible mechanisms, supported by experiments and theoretical work, for the formation
of these Ras nanoclusters. We note that these Ras nanoclusters are highly likely related to
the positive feedback reaction. The positive feedback reaction mediated by the SOS
molecule in the cluster system can be enhanced by these highly concentrated Ras
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nanoclusters near Lat clusters. This enhancement might induce spatial positive feedback
formation of Ras nanoclusters because the formation of Ras nanoclusters is positively
enhanced by its own product, which is newly created Ras nanoclusters. Although we did
not carefully examine Ras nanocluster formation, it would be important to investigate
whether the formation of Ras nanoclusters is more prominent in the cluster system than in
the homogenous system. If so, it would be interesting to explore how this enhanced
formation of Ras nanoclusters can affect the stability of the system by examining the
degree of bimodality in the level of RasGTP at equilibrium.
Lommerse et al. claim that the diffusivity of Ras and Lck molecules in the
membrane depends on the region where they are [108]. For example, the diffusivities of
these molecules become much slower when they are in lipid rafts than when they are
outside lipid rafts. In addition, Murakoshi et al. suggest that the diffusivity of Ras
molecules also becomes slower after T-cell activation [109]. We have already examined
how diffusivity of molecules affects the bimodality of the steady-state level of RasGTP in
both the cluster and homogenous systems. However, imposing non-uniform diffusivity of
Ras molecules on our systems might provide an interesting insight into how the non-
uniform diffusivity of molecules can affect the amount of downstream signal. I
hypothesize that rapid diffusion of Ras molecules outside Lat clusters might transport
RasGDP or RasGTP rapidly from outside a Lat cluster to SOS molecules bound to Lat
molecules in a Lat cluster. Then, there will be no significant time delay in supplying
RasGDP to catalytic sites of SOS molecules in a cluster system. In addition, the slow
diffusion of Ras molecules inside a cluster could also enhance the rebinding of RasGTP
molecules to allosteric pockets of SOS molecules highly localized in a Lat cluster.
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5.2.2 The amplification of fully phosphorylated ITAM in a cluster system
We have discussed how a sufficiently strong negative regulation of phosphorylated
ITAM can help a T cell to generate stronger downstream signals in accordance with the
strength of affinity of pMHC molecules, the phenomenon which is observed in
experiments. However, the increased amount of downstream signal created by stronger
antigenic pMHC is not significant because the amount of antigenic pMHC presented by
APC is small. The T cells might need strong signals upon stimulation by antigenic
pMHC. Although our models and results suggest that strong negative regulation might be
necessary in order to eliminate the unwanted high production of downstream signals by
moderately interacting pMHC molecules, there might be a mechanism of how the T cell
can initiate production of a large amount of downstream signals such as fully
phosphorylated ITAM upon stimulation. Interestingly, SHP-1, one of the possible
negative regulators of ITAM, consists of two important sites that can regulate its own
activity. When Y536 of SHP-1 is phosphorylated, the phosphatase activity of SHP-1
becomes the greatest, while the phosphoryaltion of S591 inhibits its phosphatase activity.
Holdorf et al. has shown that the phosphoryaltion of S591 starts to occur after the initial
stimulation of human peripheral blood T cells (PBT) and maintains such inhibition of
phosphatase activity strongly for 1 minute, and then the level of the inhibition declines
within 10 minutes [92]. This result may suggest that the activity of phosphase is initially
strong enough for a T cell to detect a threshold amount of doubly phosphorylated ITAM
generated by antigenic pMHC, which is required for the initial stimulation. We do not
know how a T cell can respond so sensitively to a small increase in the amount of fully
phosphoryalted ITAM, considering the small amount of antigenic pMHC that can
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stimulate a T cell. However, we note that the negative regulation mediated by SHP-1 is
inhibited initially upon stimulation of a T cell, and this inhibition might significantly
increase the amount of downstream signal induced by antigenic pMCH molecules. In
conclusion, I propose two steps of initial T cell stimulation. The first step is a specific
detection of antigenic pMHC, in the presence of a sufficiently strong negative regulation
that is required for the elimination of spurious triggering induced by weakly or
moderately interacting pMHC, and the next step is the amplification of downstream
signals by the negative regulation of the activity of phosphatases.
How could a T cell amplify downstream signals even further once it responds to
its interaction with antigenic pMHC, while the negative regulation is weak? The
pseudodimer model suggests possible answers to this question. As described before, the
model suggests that while TCR interacts with an antigenic pMHC, the activated Lck
bound to the coreceptor interacting with the complex of TCR-antigenic pMHC can
phosphorylate many other ITAM molecules of TCR interacting with endogenous pMHC
molecules brought to the coreceptor. If we impose this pseudodimer model on our cluster
system, we might be able see another role of clusters in amplifying the amount of fully
phosphorylated ITAM. To summarize, with unknown mechanisms, a T cell may begin to
reduce the activity of phosphatases of phosphorylated ITAM, once some TCR proteins on
the surface membrane interact with a few antigenic pMHC. When a TCR in a TCR
cluster occasionally interacts with an antigenic pMHC molecule, and a coreceptor bound
to an active Lck molecule interacts with the pMHC, many nearby TCR interacting with
endogenous pMHC will be brought to the coreceptor and their ITAMs will be quickly
fully phosphorylated.
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There is another important protein to be considered to explore how the cluster
system could induce production of a greater amount of downstream signal: CD45. It
would be interesting to include CD45 in our cluster and homogenous system based on its
topology and reaction with its associated proteins. CD45 transforms the inactive or fully
active state of Lck into basally active Lck. This molecule is known to be an important
phosphatase for T-cell activation through a phosphatidyl inositol pathway and is found to
be excluded from TCR clusters [38,110]. CD45 is essential for the T-cell activation as
many papers indicate, because it dephosphorylates the inhibitory tyrosine of the Src
family of tyrosine kinase such as Lck [89,90,110]. It would be interesting to examine the
roles of CD45 more closely in the cluster system because of the well known
characteristics of this molecule. I hypothesize that CD45 outside of TCR clusters would
be able to supply basally active Lck to TCR clusters, but its activity to dephosphorylate
the fully active Lck would be prohibited while the fully active Lck stays in the TCR
clusters. However, the homogeneous system in which TCRs and Lcks are more exposed
to CD45s would have fewer chances to produce fully active Lcks.
5.3 Concluding remarks
As mentioned in the beginning of this thesis, immunology provides many interesting
questions to both theoretical and experimental scientists. I have been interested in
clustered proteins in the membrane of a T cell, which is the key mediator of the immune
system, and proposed some interesting roles of clustered proteins. I hope that my research
findings have contributed to advancing understanding of some aspects of the immune
system.
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Appendix
Supporting Information for Chapter 2
Materials and Methods
Reaction network S2-1. Phosphorylation of Lat
konpZAP70-Lat
pZAP70 + Lat opA - pZAP70 - Lat
pZAP70 - Lat koff,pZAP70-Lat pZAP70 + Lat
tkypZAP70 - Lat -* pZAP70 - pLat
koff,pZAP7o-pLat
pZAP70 - pLat k pZAP70 + pLat
Reaction network S2-2. Dephosphorylation of active ZAP-70
k0o p-pZAP7o
P +pZAP70 ""PZP) P - pZAP70
koff P-pZAP7o
P -pZAP7O P + pZAP70
kdp
P -pZAP70 P - ZAP70
koff P-ZAP7O
P -ZAP70 PZAP7- P +ZAP70
Reaction network S2-3. Dephosphorylation of pLat by its phosphatase, I
I + pLat ) IpLat
koff 1-pLat
I - pLat . I + pLat
kdp,pLat
I - pLat a I - Lat
k ffI-Lat
I - Lat - I + Lat
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Simulation Methodology
We employed the Stochastic Simulation Compiler [75] to simulate reaction events
and diffusion in our system. All reaction rate constants and diffusion constants are
converted into units of s-1 for use in the simulations [8,75]. First order reaction constants
(s-1) are unmodified for our simulation. However, experimentally obtained second order
rate constants have units of M- s-. To convert into simulation units, we first change the
bulk on-rate into an effective two-dimensional on-rate by dividing it by a distance
associated with the distance proteins can sample in the direction perpendicular to the
membrane (we assume this is of the same order of magnitude as the radius of gyration of
molecules). For our simulation, we set the length of a lattice site as 0.01 ptm and take the
radius of gyration of molecules as 0.001 ptm. Then, the experimental value of k2 in M-1s-I
can be converted into s 1 by a multiplication factor of 1/60.2 (1 M- s moexsec =
its 9m . After dividing this unit by the square of the length of a lattice site
6.02x10 2 3 moleculesxsec
and then by the radius gyration, we obtain 1/60.2 s1). Diffusion is modeled by molecules
hopping to nearest neighbor lattice sites. The diffusion coefficient, measured in units of
ptm 2/s, is converted into a hopping rate by dividing the by the square of the length of a
lattice site.
Table S2-1. Rate constants for simulation
Rate Constants Reaction
0.2 iM-s-' [17] kon,pzAP70-Lat: pZAP70 binding to Lat
s-__ 17], koff pZAP7O-Lat: pZAP7O unbinding from Lat
- - kP pZAP7O phosphorylating Lat
- --r--- - - - - ~--- --.~~ -- ~ ~- -- -- -~ t ----- --------------------
I s- [1]koff,pzAP7o-pLat: pZAP7O unbinding from Lat
0.2 jiM s- konP-pZAP7O: pZAP7O binding to its phosphatase, P
koff,P-pZAP7O: pZAP7O unbinding from its phosphatase
- - 7 :-------~ - -------------- --- --~~ ~ s t------
15s-------kdp: phosphatase dephosphorylating pZAP7O
-~------ r -- - -~ - ~-- - ~- ~- - ----
koffP-ZAP7: ZAP70 unbinding from its phosphatase
0.2 jiM s- konIpLat: pLat binding to its phosphatase, I
-SI koffI-pLat: pLat unbinding from its phosphatase
kdp,pLat: phosphatase dephosphorylating pLat
kofj-Lat: Lat unbindi ng from its ph osphatas e
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Table S2-2. Concentration of species for simulation
0.8 . 10 1-20 pZAP-70, h
. --- 20 pZAP-70, c
--- 40 pZAP-70, h
-L 
--- 40 pZAP-70, c
' 0.6 -
-60 pZAP-70, h
0_ / --- 60 pZAP-70, c
5--80 pZAP-70, h
z 0. / -- 80 pZAP-70, c
-- 100 pZAP-70, h
0.2 --- 100 pZAP-70, c
00 10 20 30 40
time (s)
Figure S2-1. The effect of concentration of pZAP-70 on the production of pLat. Each
cluster system contains 5 ZAP-70 and 5 Lat clusters. There is no phosphatase. "20 pZAP-
70, c" stands for the cluster system in which each cluster initially contains 20 pZAP-70.
"20 pZAP-70, h" is the homogenous system that contains the same amount of reactants as
"20 pZAP-70, c." Each Lat cluster contains 20 Lat molecules. See Figure 2 for a
description of simulation method.
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Species Number of molecules in a 2 pm-diameter membrane system
LAT 20 per 0.2 pm-diameter cluster (75/ pm2 [16], 28.5 per
ZAP-70 cluster [76])
SHP-1 20 per 0.2 pm-diameter cluster (72000/ pm3 [16])
800 (20000/ jim 3 [111])
-20 pZAP-70, h
iOA --- 20 pZAP-70, c
-40 pZAP-70, h
2- --- 40 pZAP-70, c
0 
-60 pZAP-70, h
0.2 ------------- --- 60 pZAP-70, c0
0.2 --- ------------- --- 80pZAP-70, c
-100 pZAP-70, h
--- 100 pZAP-70, c
0.1/-
~---------- - - - - -
- - -
- - -
0 --0 2 4 6 8
time (s)
Figure S2-2. The effect of the presence of phosphatase of pZAP-70 at various
concentrations of pZAP-70 on the production of pLat. Each system contains 800
phosphatases per n pm 2. In the system with clustered proteins, ZAP-70 molecules are
initially located inside their clusters. See Figure SI for a description of legend
terminology.
0.5
OA-
-200 P, h
--- 200 P, c
o..0.3 -
-400 P, h
o 
--- 400 P, c
C 
--- 600 P, h
5 0.2 - --- 600 P, c
-800 P, h
-- 800 P, c
4
time (s) 8
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Figure S2-3. The effect of phosphatase concentration on the production of pLat.
Each cluster contains 20 molecules. "200 P, h" and "200 P, c" stand for the homogenous
system and the cluster system, respectively, that contains 200 phosphatases. In the system
with clustered proteins, ZAP-70 molecules are initially located inside their clusters. Each
cluster system contains 5 ZAP-70 and 5 Lat clusters and each cluster contains 20
molecules.
A 1B
0.8L 0.
0.0.2 Z c .6 ---
C5ZL (0 s 
--- SZISL, c (0.0 s
-- 5Z5L, c (0.20 pm)5
S---- ZV L, c (0.12 pm)-
m . " / -15c (0.08 pm)t s 5Z15Lc(s.1t r w
a 0diameter of008pwhl 5Z5L, pdno t hmg o si t
--- 5OZS5L c (020 pm)5ZI ~ ~ ~ ~ ~ -ZSL, c(0.2 m 4'-51L 02A pa
55 --- ZU5t. c (0.24 pm)
0 2 4 6 8 10 0 2 4 68time (s) time (s)
Figure S2-4. Fraction of pLat in the cluster system for various cluster sizes in the
presence of no phosphatases. Each system contains 400 Lat and 400 pZAP-70
molecules. "5Z/5L, c (0.08 gim)" denotes the cluster system that consists of clusters with
a diameter of 0.08 pim, while "5Z/5L, h" denotes the homogeneous system. We obtain the
fraction of pLat over 60 different cluster-system configurations with 25 trajectories for
each configuration. (A) pZAP-70 molecules are initially confined inside clusters. (B)
pZAP-70 molecules are initially homogenously distributed.
A
time (s)
Figure S2-5. Fraction of pLat as a function of time, with dephosphorylation of Lat
molecules. Each system contains 800 phosphatases of pZAP-70. In the system with
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clustered proteins, each ZAP-70 and Lat cluster initially contains 20 molecules. We
obtain the average fraction of pLat over 20 different cluster-system configurations with
25 trajectories for each configuration. "5Z/5L, c" stands for the cluster system that
contains 5 pZAP and 5 Lat clusters. "5Z/5L, h" is the homogeneous system that contains
the same number of reactants as in the "5Z/5L, c" system. (A) 800 phosphatases of pLat
(B) 80 phosphatases of pLat
A
0.5-
-0.4-
0.3.
C
: 0.2 - .- clustered Lat/clustered ZAP-70
- clustered Lat/homogeneous ZAP-70
0.1- homogeneous
01
5 10 15 20 25
k
B o.9
w0.8
0.7
0.6
4)0.5
- 0.4
6 0.3
. 0.2
E
e 0.1
01
5 10 15 20 25
k
Figure S2-6. The effect of reduced cluster number on the mean distance from a Lat
molecule to the kth nearest pZAP-70 and the number of unique pZAP-70 per Lat.
The "clustered Lat/cluster ZAP-70" system contains 5 Lat and 5 ZAP-70 clusters. We
obtain the mean distances and the number of unique pZAP-70 per Lat by averaging over
1000 configurations. See Figure 4 for a description of legend terminology.
20 40 60 80
k
100
B o.9
M 0.8
-J
40
r- 0.7
CL
<0.6
c0.5
r 0.4
Z 0.3
0.2
E
e 0.1
0 20 40 60 80
k
100
Figure S2-7. The effect of reduced size of clusters on the mean distance from a Lat
molecule to the kth nearest pZAP-70 and the number of unique pZAP-70 per Lat.
The "clustered Lat/cluster ZAP-70" system contains 20 Lat and 20 ZAP-70 clusters. The
diameter of each cluster is reduced by a factor of 2. We obtain the mean distances and the
number of unique pZAP-70 per Lat by averaging over 1000 configurations.
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- clustered Lat/clustered ZAP-70
. clustered Lat/homogeneous ZAP-70
- homogeneous
A
0.
-0.
4)0.
0.
C
0.
3-
.::
2 clustered Lat/clustered ZAP-70
clustered Lat/homogeneous ZAP-70
1 -* homogeneous
0
e clustered Lat/clustered ZAP-70
.- . clustered Lat/homogeneous ZAP-70
- - homogeneous
.... . .
*... ... .  I  * .... .... . ...... 
I... . .. -
... .. . .
,
0 0.1 0.2 0.3 OA 0.5 0.6
time (s)
Figure S2-8. The cumulative probability of observing Lat-pZAP binding as a
function of time for a single pZAP. Each system contains 400 Lat molecules, either
homogeneously distributed or confined in clusters. One pZAP-70 is randomly located
initially, and we determine the probability that the first binding between the pZAP-70 and
a Lat molecules has occurred by a given time. For the cluster system, we obtain the
probability of observing Lat-pZAP-70 over 100 different configurations with 50
trajectories for each configuration. The diffusivity of molecules in system is 0.0033
pIm 2/s.
A
-J
0Iu
400 500 600 700 00 0 50 100 150 200
time (s) time (s)
Figure S2-9. The effect of a change in the rate constant for the association or
dissociation between pZAP and Lat. Other kinetic parameters are the same as those in
Table Si. See Figure 5 for a description of legend terminology. (A) The rate constant
kon,pZAP70-Lat is reduced by a factor of 2000. (B) The rate constant koff,pzAP70-Lat is
increased by a factor of 2000.
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Atime (s)
Figure S2-10. The effect of a change in
parameters are the same as those in Table Si.
is reduced by a factor of 10. (B) The number
of 10.
A
the number of reactants. Other kinetic
(A) The number of pZAP-70 in the system
of Lat in the system is reduced by a factor
8 10 12 14 16 -0 2 4 6 8 10time (s) time (s)
Figure S2-11. The effect of a decrease in the size of each cluster. The diameter of each
cluster is reduced by a factor of 2.
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Hitting rate calculation in the cluster system
We have already shown that the hitting rate in the homogenous system, for the
case in which there is no competition among A molecules for binding to B molecules, can
be found as the inverse of the sum of times of the association and dissociation between A
and B molecules. We also want to find the analytical form of the hitting rate in the cluster
system in which A molecules do not compete each other for binding to the same B
molecule. As shown in Fig. 2-8, we can discretize the cluster system into subdomains,
each of which contains one A molecules, which can freely diffuse through all domains,
and one cluster that confines B molecules. We want to compare the hitting rate in this
cluster system with the homogenous system that contains the same amount of reactants.
We notice that there exist period events in the cluster system. For example, when
an A molecule starts diffusing from the boundary of subdomain, it will eventually hit the
edge of the cluster with a mean time scale, rR,-R , and once it is at the edge of the
cluster, it will eventually comeback to the edge of the subdomain with a mean time scale,
rR_-+R, ,where R+ and R. are the radii of the subdomain and cluster, respectively. During
the latter time duration, an A molecule can cross the cluster for a mean number of C.,
and once an A molecule is inside the cluster there exists a mean hitting rate, Hd . In
addition, there exists a mean time duration for an A molecule spending inside a cluster
per crossing the edge of the cluster. Then, we can approximate the hitting rate in the
cluster system as the following.
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H, = C,HIre! S2.1
rR,-4R R ->R,
We first define crossing the reflective boundary and crossing the boundary of the
cluster as the events that A molecule diffuses from R, to R, -c and from R_ to R_ -6,
respectively, where e is a very small arbitrary distance, which makes the time scale for an
A molecule to diffuse from R_ to R_ - E is negligible compared to any other time scale for
the reaction between A and B molecules (see Fig. 2-9).
The conditional first passage time for a molecule, initially located at r (
R_ < r < R ), to hit the edge of the inner circle, R_ , without hitting the boundary of the
outer circle, R., t_ ( rcan be solved by satisfying the following equations and conditions
[112].
v2 (,()=0
6 (R_ ) S2.2
6_(R+)=0
Dv 2 [_ (r)t_ (r)] = -e_ (r) S2.3
e-(r)t_(r)=O at r=R_ and r =R,
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(r2R r njR -R)(r)n + S2.4
4D In - 'R* 4DlIn l +- n -
In (+
e (r)= S2.5
In (R
R_
where E_ (r) is the splitting probability of an A particle, which starts diffusing at r to hit
the edge of the inner circle.
Analogously, the conditional first passage time for a molecule, initially located at
r to hit R, without hitting R , t( )9can be solved:
(R -r 2 ) (r 2 -R 2 ) (R+-R 2 )t, () + S2.6
4D 4Dln 4Dln (R+
+ (r) =1 - 6_ (r) S2.7
Then, we can derive the expected time duration for an A molecule which starts
diffusing at the boundary of the subdomain of size R,, to reach the boundary of a cluster,
R_, for the first time (r-+>R_ ). When an A molecule starts diffusing from near the
boundary of the subdomain ( R, -e ), it can directly hit the edge of the cluster with an
expected probability _. It also can cross the edge of the subdomain for one time, two
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times, or any number of times. As we can expect, the mean time scale for A molecule to
hit the edge of the cluster, when it start diffusing from the edge of the subdomain can be
calculated by the following geometric distribution:
SR,*R_ 
~ -- ( ei ±zr18498)1 S2.8n+1) ±r,& _CC&
n=O
where,
r,=conditional first passage time for A diffusing from R, -8 to hit R_ without hitting R,
r,0 =conditional first passage time for A diffusing from R, -8 to hit R, without hitting R
r,,= first passage time for A molecule diffusing from R+to hit R, -8
E+ =probability for A diffusing from R, -c to hit R+ first
e_ = probability for A diffusing from R, -8 to hit R_ first, 1-8,
in R, - e
R+
In (R,
R_
In R+ -8
(R*
i7
In ( )
S2.10
4DlnR+Iln R+
R- R.-s
S2.9
R-
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r =
(R2 - (R,-s) ((R,-e 2
-- R2 (R2--R_2)
"" 4D 4Dln R -j 4Dln (Rj
(R_ R-
" 
2
~'2D
S2.11
S2.12
Finally, after implementing the above analytical form of each term into equation S2.8, we
obtain the following form ofrR ,R
C 2 InR ((R, -sE)2 - R_ 2In R_ (2eR+ --E2
TR - -- In I--- +
2DlIn (+ 4D In R+((R+ )+ In R J 4D
S2.13
Employing the similar approaches, we can also derive the expected time duration for an
A molecule which starts diffusing at R_, to return to R, for the first time (7-R R R).
S2.14r + _,1 .6 = os _"+ (-c,, +rO ) (n+1)."
where,
rO =conditional first passage time for A diffusing from R_ to hit R, without hitting R -E
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, -=first passage time for A diffusing from R -e to hit R
r6, =conditional first passage time for A diffusing from R_ to hit R_ - E without hitting
R,
C+=probability for A diffusing from R_ to hit R first
e-= probability for A diffusing from R_ to hit R- - 6 first, I1- E,
In R_
-=+ - S2.15
In R
(R-R (R2 (R_E)2  (R) S2.16
4D 4Dln R- 4DlnrR,
(R -c R_- e
R (R_-) RIn RR (R2 -(R_-6)2
r =In R- -1 + R -e S2.17
4D in R R+ 4Dn In n
(R_) R_- c) R_+)
Once an A molecule crosses the cluster boundary, it will spend inside a cluster for
an expected time, before it comes back to the edge of the cluster. Wofsy et al. have
examined the first passage time for an A particle, which is located at r in a circular
domain of radius R, to reach the edge of the domain. The circular domain contains B
particles which interact with A particle as the following reaction scheme.
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A+B( "0" >A-B
Wofsy et al. considered the case in which diffusivities of A, B and A-B molecules
are the same and the case the diffusivity of A-B is zero, while diffusivities of A and B
molecules are the same [79]. The first passage time for the prior case can be also derived
by simply taking limit of R to zero for t (r) (see Eq. S2.6). Implementing the
analytical solution derived by Wofsy et al., we obtain the first passage time for a A
molecules located at R_ - c to comeback to R-, r,, , as the following.
(2eR -s2) a
r = (I+K[B]i) (if D, =DB =D andDA-B S2.18
For the case when diffusivities of all molecules are the same, while the diffusivity
of a complex is zero, we can directly implement the result derived by Wofsy et al.
because A molecules at the edge of the cluster is unbound. However, when diffusivities
of all molecules are the same, the A molecule can be bound or unbound to a B molecule,
when A molecules is at the edge of the cluster. If A molecules is bound, it will bounce
back to R - c. Therefore, the mean time for an unbound A molecule to reach the edge of
the cluster is the following.
(2 R_ -- 2)
If we define r, then
" 4D ,te
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T, 0 =V7JPnd +2rP P +3zrP Pb2ound±+60 unoun a unbound bound aunboundbon
7 (2eR_-s2)
= "h =(2,4D (1+K[B],)
Pnhon 4D"
(if D, =Dz =Diz = D)
S2.19
Then, for either case, D, = Dz= D7 z = D orDA =D3 =D and DAB = 0,
(R -R') (2eR--2) R -(R- ))
VR- 
->R+ 4D 4DIn(R R4 D.n4DnR_-e 4Dn R_-)
+ (R 2 +R)_- 2 )rR_
In R- 4Dln R R+
(R_-s c(R-)
in R
R-e
4 Dl R+ In (R,
R_
(2,R_--
2 )(4D
1+K[B]
S2.20
After taking limit of value of c to an infinitely small value,
ur V? *R (R+ 2 
-R 2 ) R 2 IRlin r =R2-+ R )+- In +4D 2D |
(R+ 2R R-2
61m-+0 4D +2D K[] -n±
S2.21
S2.22
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) R2_ -(R_-_C)2 )
C, the mean number of crossing of an A molecule over the boundary of a cluster
before coming back to the edge of the subdomain can be obtained by the number of
diffusion of A from R to R_ - c before coming back to R,.
C,n = ss+Z(n+)" = S2.23
n=O
In
16n= (R - S2.24
In R
(R -e )
Then, the total duration of time for an A particle spending inside a cluster before it comes
back to a cluster, r, is
_ (2cR_ -c2)
4D (= C K[B]) S2.25
lim, R K[B] In S2.26
~0~2D R_
Now, we know all analytical form for each term in Eq. S2. 1. After implementing
these forms, we find the hitting rate in the cluster system is the same as that in the
homogenous system. We note that this results is obtained based on the diffusion rate
constant suggested by Bell, and different forms of diffusion rate constant strongly affect
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the analytical form of hitting rate between A and B molecules in the homogenous system
or in a cluster.
For example, implementing the diffusion rate constant derived by Lauffenburger
and Linderman, we find that the hitting rate in the cluster system can be larger than that
in the homogenous system.
Hh/, [B]h S2.27
hk,,, in h)
+ s (l+ K [B~h2Ic (D, + DB)
where bh in the equation for Hh is the mean half distance between B molecules. This
distance is inversely proportional to the square root of the concentration of B molecules
considering the size of reflective subdomain that we have already described (
bh I/ [B)h ) [113]. The analytical solution for He can be obtained by substituting bh
R
k in ( ,7  [B],
H, - H R / , \ I 0 S2.28
27c(D, +D)(I+K
h k,,, In
+) + +S
+ DB) 27r (D4 + DB)
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where the meaning of b and s are the same as those used for the description of diffusion
rate constant.
As we can notice from the above analytical solution, the difference between
hitting rates in the cluster and homogenous systems becomes negligible as the size of the
cluster approaches to the size of the subdomain, diffusivities of molecules increase, or the
intrinsic reaction rate constant for the association between reactants decreases.
The discrepancy between analytical descriptions of the hitting rate for both the
cluster and homogenous system may suggest the importance of developing analytical
forms of the two dimensional diffusion rate constant to analyze the effect of
configuration on the downstream signals. The mathematical approaches and assumptions
employed by Lauffenburger and Linderman, and Goldstein to obtain diffusion rate
constant is plausible and capture the dependency of the constant on the bulk
concentration of molecules and the size of reaction radius [83,84]. The discrepancy
between hitting rates at steady state between the cluster and homogenous systems
suggests the possibility of that, when there exists no competition among A molecules for
binding to B molecules, the cluster system could induce the greater downstream signals.
As mentioned in Chapter 2, the increased rebinding between reactants mainly due to
reduced size of clusters or diffusivities of molecules, or increased association reaction
rate constants, could help the cluster system to enhance the production of downstream
signals, although our current study with extensive parameter regimes did not show such
prediction. We may need further studies on the two dimensional diffusion rate constant.
We note that more precise comparison of the hitting rates between the cluster and
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homogenous system depends on the further investigation on the derivation of analytical
form of the two dimensional diffusion rate constant.
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Supporting Information for Chapter 3
Materials and Methods
The simulation methods are similar to those described in the supporting information for
Chapter 2.
Reaction network S3-1. Interactions between TCR, pMHC, coreceptors for the generation
of doubly phosphorylated ITAM and the negative regulation of phosphorylated ITAM.
k0 nTCR-pMHC
TCR + pMHC "' -MH TCR - pMHC
Ckoff,TCR-(ag)pMHCTCR - (ag)pMH C TCR + (ag)pMHC
koff,TCR-(en)pMHC
TCR - (en)pMHC TCR + (en)pMHC
8konTCR-CD4/8TCR + CD4/8 k-CD4/- TCR - CD4/8
koffTCR-CD4/8
TCR - CD4/8 '- TCR + CD4/8
pMHC + CD4/ 8 kon,pMHC-CD4/18pMHC - CD4/8
pMHC - CD4/8 kof f,pMHCCD4/pMHCkofpMHCH+-CD4/8
TCR - pMHC - CD4/8 pTCR - pMHC - CD4/8
pTCR - pMHC - CD48 pTCR-pMHC-CD41 pTCR - pMHC -CD48k , pTCR-pMHC-CD418
pTCR - pMHC - CD48 ppTCR pMHC CD4/8
kon,TCR-SHPT
pTCR + SHP1 - pTCR - SHP1
kon,TCR-SHP1
ppTCR + SHP1 k - ppTCR - SHP1
kpffTCR-SHPi
TCR -SHP1 p --- TCR + SHP1
kff, TCR-SHPM
pTCR -SHP1 aw s r tC---c pTCR + SHP1
koff,TcRSHP 1
ppTCR -SHP1 -r ppTCR + SHP1
kdp pTCR
kdp ppTCR
ppTCR ) pTCR
konTCR-pMHC
The first reaction, TCR + pMHC ------ TCR - pMHC implies the interaction
between TCR and pMHC with an association rate constant of kofl,TCR-pMHC . However,
either TCR or pMHC are either bound or unbound to a coreceptor when they interact, and
this is not shown explicitly in the reaction. This rule also similarly applies to the other
reactions assuming TCR, pMHC, and coreceptors independently interact with each other.
The reaction pTCR + SHP1 " pTCR - SHP1 describes only singly
phosphorylated TCR, which is either bound or unbound to a pMHC molecule that is not
bound to a coreceptor, can associate with a SHP-1 molecule.
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Table S3-1. Rate constants for reaction network S3-1.
Rate Constants Reaction
0.015 ptM-s' [8] kqfTCRpMHC: TCR binding to pMHC
-0.02 s-L [8] ----- Tf (----MHC: TCR unbinding from antigenic pMHC
20-- S4 8]kOTC (en)p MHC: TCR unbinding from endogenous pMHC
0.0001 [M's-' [8] kogTCR.CD48: TCR binding to a coreceptor-
s0 M [8] fTC-CD4/8. TCR unbinding from a
--
~ -~-- - - - : 2 -LY!'L' binding to a coreceptor
20 s- [8 13:----of Mc~DjpMHC unbinding from a coreceptor
0.1 s- [8] kp,TCR-pMHC-CD4/8: a coreceptor bound to pMHC phosphorylating
bare ITAM of TCR boundtop
0.05 s-' [8] kp,pTCR-pMHC-CD4/8: a coreceptor bound to pMHC phosphorylating
Sinlphosphorylated ITAM of TCR bound to pMHC
0.0[M-'s-1  kOjTRSHP1: phosphorylated TCR binding to S HP1
------ -------s' korfTCR-SHP1: TCR unbinding from SHP1..............
0.2 s-' [8] kdp,pTCR: SHP1 dephosphorylating unprotected singly
PhosphoryatedTCR bound to SHP1
0.4 s- [8] kdp,ppTCR: SHP1 dephosphorylating unprotected doubly
phosphorylated TCR bound to SHP1
characteristic length used for SSC=0.001 pm
Table S3-2. Concentration of species for the simulation of reaction network S3-1.
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Species Number of molecules in a 2 pim-diameter membrane
system
TCR 20 clusters, 20 per 0.2 pm-diameter cluster (300 pm 2 [8])
(en) pMHC 300 (100 pm-2 [8])
(ag) pMHC 30
CD4/8 300 (100 pm 2 [8])
SHP-1 600 (20000/ jim 3 [ 11])
Reaction network S3-2. The generation of RasGTP by the positive feedback reaction and
the negative regulation of RasGTP by RasGAP.
knLat -SOS
Lat + SOS o-S* Lat - SOS
koff,Lat-sos
Lat - SOS - S Lat + SOS
Lat - SOS + RasGDP konLatSOS(RasGDP)a1 Lat - SOS - (RasGDP)au1o
Lat - SOS - ( R asGDP )aiko kff,Lat-SOS-(RasGDP)aH1o Lat - SOS + RasGDP
Lat - SOS + RasGTP kon,LatSOS(RasGTP)all Lat - SOS - (RasGT P)auokof,LatSS(RasGTP)ao
Lat - SOS - (RasGTP~all Lat - SOS + RasGTP
Lat - SOS - (RasGDP)auo + RasGDP koLat-SOS-(RasGDP)-RasGDP
Lat - SOS - (RasGDP)aIo - RasGDP
Lat - SOS - (RasGT P)auo + RasGDP kon,Lat-SOS-(RasGTP)aloI-RasGDP
Lat - SOS - (RasGTP)au1o - RasGDP
Lat - SOS - (RasGDP)aIuo - RasGDP kp,LatSOS(RasGDP)alloRasGDP
Lat - SOS - (RasGDP)auo - RasGT P
Lat - SOS - (RasGDP)auo - RasGTP koff,LatSOS(RasGDP)aIoRasGTP
Lat - SOS - (RasGDP)au1o + RasGTP
Lat - SOS - (RasGTP)auo - RasGDP kp,Lat-SOS-(RasGTP)aIo-RasGDP
Lat - SOS - (RasGTP)aIuo - RasGTP
Lat - SOS - (RasGTP)auo - RasGTP koff,LatSOS(RasGTP)alloRasGTP
Lat - SOS - (RasGTP)aIuo + RasGTP
koksTPaG P ,LtSS(aGPa1 Rs
RasGT P + RasGAP aRasGTP - RasGAP
RasGTP - RRasGP asGTPRasGA RasGTP + RasGAP
RasGTP - RasGAP kdp,RasGTPRaSGAP RasGDP - RasGAP
RasGDP - RasGAP koffRaSGDPRasGAP RasGDP + RasGAP
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Table S3-3. Rate constants for reaction network S3-2.
Rate Constants Reaction
6.24 pM-s' [17] konLat-SOs: SOS binding to Lateric
I s 1 7 koff,LatS SOS unbinding from Lat
0.102 pM- s [17] kon,Lat-SOS-(RasGDP)allo: RasGDP binding to the allosteric
oetof SOS------------
3 s [17] koff,Lat-SOS-(RasGDP)allo: RasGDP unbinding from the allosteric
poktof SOS
0.102 IM s [ 17] kon,Lat-SOS-(RasGTP)allo- RasGTP binding to the allosteric
------------------------ 
kto f SO S
0.4 s [ 17] kpff,Lat-sos-(RasGTP)allo RasGTP unbinding from the allosteric
poce of SOS
0.04 M [17] kon,Lat-SOS-(RasGDP)allo-RasGDP: RasGDP binding to the
catalytic site of SOS bound to (RasGDP)auo
0.06 LM1  [ 17] kon,Lat-SOS (RasGTP)allo -RasGDP: RasGDP binding to the
catalytic site of SOS bound to (RasGTPL)~
0.003 s [17] kp,Lat-SOS-(RasGP)allo-RasGDP: SOS bound to (RasGDP)allo
convertingRasGDP to atasG  a catalytic site
I s- [ 7 ] koff,Lat-sos-(RasGP)allo-RasGTP: RasGTP unbinding from the
catalytic site of SOS bound to (RasGp) 1g
0.04 s- [17] kp,Lat-SOS(RasGTP)allo-RasGDP: SOS bound to (RaSGTP)alIo
on gRasG to RasGDP at a catalytic site
s-5 koff,Lat-sos(RaSGTP)allo-RasGTP: RasGTP unbinding from the
-- ------- ------ ---- catalyti-c site of SOS bound to (RasG TPL)_ajQ-------------------- ----
2.4 -1 M --s [17] k~jtRaSGjTP-RaSGAP: RasGTP binding to RasGA
I s- [17] koJJ,RaSGTP-RaSGAP: RasGTP unbinding from RasGAP
0.1 s [17] -kdpRaGTP-RqsGAP: RasGAP dephosphorylating RasGTP
1 koff,RasGDP-RasGAP: RasGDP unbinding from RasGAP
characteristic length used for SSC=0.01 tm
Table S3-4. Concentration of species for the simulation of reaction network S3-2.
Species Number of molecules in a 2 pm-diameter membrane system
Lat 20 per 0.2 im-diameter cluster (75/ pm 2 [16], 28.5 per cluster [76])
SOS 250
Ras 500 (75/pm 2 [16])
RasGAP Varied from 25 to 50, but 25 is for the reference (250/pm3 [16])
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Reaction network S3-3. Most comprehensive network for the generation of RasGTP. In
addition to the reaction network S3-2, the cooperative binding between PLC-y and GRb2-
SOS to Lat, the generation of RasGTP by RasGRP, and the basal activity of SOS
molecules are considered.
konLat-PLCy
Lat + PLCy "'Lt-PL Lat - PLCy
koff Lat-PLCy
Lat- PLCy - Lat + PLCy
konLat -SOS
Lat + SOS L Lat - SOS
koff,Lat-SOS
Lat - SOS - Lat + SOS
Ck~fJ,Lat-SSP~ SOSPLCYL~
Lat - SOS - PL y Lat-SS+P~
koffLat-SOS-PLCy
Lat - SOS - PLCy L at - PLCy + SOS
kon,Lat-PLCY-pIP2
Lat - PLCy + PIP2 Lat - PLCy - PIP2
PLCy - PIP2 off,PLCy-PIP PLCy + PIP2
Lat - PLCy - PIP2 c,LatPLCPIP Lat - PLCy + DAG + IP3
DAG + RasGRP kon,DAG-RasGR) DAG - RasGRP
koff,DAG-RasGRP
DAG - RasGRP o DAG + RasGRP
PkonDAG-RasGRP-RasGDPDAG - RasGRP + RasGDP DAG - RasGRP - RasGDP
koff,DAG-RasGRP-RasGDP
DAG - RasGRP - RasGDP " DAG - RasGRP + RasGDP
kc,DAG-RasGRPRasGDP
DAG - RasGRP - RasGDP DAG - RasGRP + RasGTP
Lat - SOS - RasGDP kLat-SOS-RasGDP + sG  Lat - SOS - RasGDP
Lat - SOS - RasGD S sGD) Lat -SOS+ RasGDP
kpLatSOS+RasGDP
Lat - SOS - RasGDP Lat - SOS - RasGTP
koffLat-SOS-RasGTP
Lat - SOS - RasGTP Lat - SOS + RasGTP
Lat - SOS + RasGDP kon+LatSGD(RasGDP)allo Lat - SOS - (RasGDP)allo
Lat - SOS - (RasGDP)aiio -ff S(G)aI0 Lat - SOS + RasGDP
Lat - SOS + RasGT P )a + R asGDP aonLat - SOS - (RasGTP)allo
koff,Lat-SOS(RasGTP)a1lo
Lat - SOS - (RasGTP)auio Lat - SOS + RasGTP
Lat - SOS - (RasGDP)ao + RasGDP kon,Lat-SOS-(RasGDP)ao-RasGDP
Lat - SOS - (RasGDP)aulo - RasGDP
Lat - SOS - (RasGTP)allo + RasGDP knLtO(aGPa~~sD
Lat - SOS - (RasGTP)aiio - RasGDP
Lat - SOS - (RasGDP)allo -RasGDPkPLSORSDPIIaGD
Lat - SOS - (RasGDP)allo -RasGTP
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k
Lat - SOS - (RasGDP)au1o - RasGTP
Lat - SOS - (RasGDP)aulo + RasGTP
k
Lat - SOS - (RasGTP)auo - RasGDP
Lat - SOS - (RasGTP)au1o - RasGTP
k
Lat - SOS - (RasGTP)aulo - RasGTP -
Lat - SOS - (RasGTP)au1o + RasGTP
off,Lat-SOS-(RasGDP)allo -RasGTP
p,Lat-SOS-(RasGTP)allo -RasGDP
off,Lat-SOS-(RasGTP) allo -RasGTP
konRasGTP-RasGAP
RasGTP + RasGAP " RasGTP - RasGAP
RasGTP - RasGAP off,RasGTPRasGA RasGTP + RasGAP
kdpRasGTP-RasGAP
RasGTP - RasGAP d RasGDP - RasGAP
RasGDP - RasGAP koff,RasGDP-RasGAP RasGDP + RasGAP
Table S3-5. Rate constants for reaction network S3-3.
Rate Constants Reaction
7.92 Ms' [7] onat-L~y PLCy binding toLa
0.5 s- [17] koff,Lat-PLCy: PLCy unbinding from Lat, which is unbound
to SOS
6.24 M s [ -17] ko so SOS binding to Lat
1.1 s- [17] koff,Lat-SOS: SOS unbinding from Lat, which is unbound
0.01 s [17] koffLat-SOS-PLcy: SOS or PLCy unbinding from Lat, which
is bound to both PLCy and SOS
4.08 [M s [17] konLat-PLCy-PIP2: PIP2 binding to Lat - PLCy
-----I- ------ - - - -- - --- - - - --- -- -- - - --- - - -- -
I~j s-yj----. [.IL7]PP2 PlP2 binding to Lat -PLCy
0.5 s [17] kcLat-PLCy-PIP2: Lat - PLCy cleaves PIP2 and produces
DAGand 1P3
4.08 LM s- [ 17] k~nDAG-RasGRP: RaSGRP binding to DAG
0.08s [17] kofAG-R asGRP unbinding from DAG
0.32 JLsM [ 17] kon,DAG-RasGRP-RasGDP: RasGDP binding to DAG -
RasGRP
Is- [17] kqjffAGqRasGRP-RasGDP: RasGDP unbinding from DAG -
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RasGRP
0.01 s-' [17] kCDAG-RasGRP-RaSGDP: DAG - RasGDP converting
RasGDP to RasGTP and releasing RasGTP
0.04 M- s [17] konLat-sOS-RasGDP: RasGDP binding to the catalytic site of
SOS, which has an empty allosteric pocket
4 s [16] koffLat-SOS-RasGDP: RasGDP unbinding from the catalytic
site of SOS, which has an empty a losteric pocket
0.100p s [16] kpLat-SOS-RasGDP: SOS with an empty allosteric pocket
basally converting RasGDP to RasGTP-
4s- [16] koffLatSOS-RasGTP: RasGTP unbinding from the catalytic
site of SOS,, which has an empty allosteric pocket
O.T02gMs [17]----konLat-S0S(RasGDP),,1 1 0 : RasGDP binding to the allosteric
pocket of SOS
3 s [17] koff,Lat-SOS-(RasGDP)allo: RasGDP unbinding from the allosteric
pocket of SOS
0.102 -M 5 [17] konLatSOS(RasGTP)aIlo: RasGTP binding to the allosteric
pEoket f SOS
0.4 s- [ 17] koff,Lat-sos-(RasGTP)allo: RasGTP unbinding from the
allosteric pocket of SOS
0.04 -- MT s--5 [7] --- kon,Lat-SOS(RasGDP)allo-RasGDP: _ RasGDP bind -ing to the
-~T~-----------catalytic site of SOS bound to_(RasGDP) 9
0.06 M - [ 17] kon,Lat-SOS-(RasGTP)allo-RasGDP: RasGDP binding to the
cl site of SOS bound to (RasGTP)aLL-
0.003 s- [17] kp,Lat-SOS-(RasGDP)allo-RasGDP: SOS bound to (RasGDP)au1o
converting RasGDP to RasGDP at a catalytic site
1 s [17] koffLatSOS(RasGDP)alloRasGTP: RasGTP unbinding from the
catalytic site of SOS bound to (RasGDP) 
-
0.04 s~ [17] kp,Lat-SOS-(RasGTP)alo-RasGDP: SOS bound to (RasGTP)aulo
convertingRasGDP to RasGDP at a catalytic site
I s koff,Lat-SOS-(RasGTP)allo-RasGTP: RasGTP unbinding from the
catalytic site of SOS bound to_(RasGTP)-LQ-
2.4 M- s [ 17] kon RasGTP-RaSGAP: RasGTP binding to RasGAP
0.1s -[17] k L-aGP RasG-TP -unbinding from RasGAP
0.1 17]_ RasGTRasgAP. RasGAP dephosphorylating RasGTP
1 koff,RasGDP-RasGAP: RasGDP unbinding from RasGAP
characteristic length used for SSC=0.01 pm
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Table S3-6. Concentration of species for the simulation of reaction network S3-3.
Species Number of molecules in a 2 jim-diameter membrane system
Lat 20 per 0.2 pm-diameter cluster (75/pm2 [16], 28.5 per cluster [76])
SOS 250
Ras 500 (75/pm 2[16])
RasGAP Varied from 25 to 50, but 15 is for the reference (250/m 3 [16])
PLCy 40 (1250/pm 2 [17])
PIP2 40 (1250/pm 2 [17])
RasGRP 20 (625/pm2 [17])
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Figure S3-1. The fraction of singly phosphorylated ITAM at various concentrations
of antigenic pMHC. Simulation results for the cluster system in which 20 TCR
molecules are placed in each of 20 TCR clusters and homogeneous system which
contains randomly distributed 400 TCR molecules. The fraction of singly phosphorylated
TCR is obtained by the number of singly phosphorylated TCR divided by 400. Eech
system contains a fixed amount of pMHC molecules (330 pMHC molecules), but only
the number of antigenic pMHC is varied to examine the effect of the concentration of
antigenic pMHC on the downstream signals. "cluster (30 ag)" denotes the cluster system
that contains 30 antigenic pMHC (ko=0.02 s-1) and 300 endogenous pMHC molecules
(koff=20 s-I). "homogeneous (30 ag)" denotes the homogenous system that is compared to
the system "cluster (30 ag)." The diffusivity of molecules is 0.0033 pm 2/s. The fraction
of doubly phosphorylated ITAM in the same system is shown in Fig. 3-1. (A) The system
with no phosphatase of ITAM. (B) The system with 600 phosphatases of ITAM per 7t
2jImn.
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Figure S3-2. The fraction of singly phosphorylated ITAM at various affinities of
antigenic pMHC. Simulation results for the cluster system in which 20 TCR molecules
are placed in each of 20 TCR clusters and homogenous system which contains randomly
distributed 400 TCR molecules. Each system, except "homogeneous (koff=20 s-1)" and
"cluster (koff=20 s-)", contains 30 antigenic pMHC, 300 endogenous pMHC, and 60
phosphatases of ITAM. "cluster (kow=0.02 s-)" denotes the cluster system that contains
30 antigenic pMHC with kog of 0.02 s 1 . Likewise, "homogeneous (koj'=20 s-)" denotes
the homogeneous system that contains only endogenous pMHC with koff of 20 s 1 . The
diffusivity of molecules is 0.0033 jim 2/s.
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Figure S3-3. The fraction of doubly phosphorylated ITAM at various affinities of
antigenic pMHC. The legendary description is the same as that in Fig. S3-2.
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Figure S3-4. The fraction of singly and doubly phosphorylated ITAM in the
homogenous and cluster systems at various low concentration of antigenic pMHC
molecules. Each system consists of 60 phosphatases of ITAM per ir pm 2. The diffusivity
of molecules is 0.0033 pm2/s. The total amount of pMHC molecules in each system is
fixed at 330. "cluster (30 ag)" denotes the cluster system that contains 30 antigenic
pMHC with kff of 0.02 s~1. (A) The fraction of singly phosphorylated ITAM. (B) The
fraction of doubly phosphorylated ITAM.
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Figure S3-5. The fraction of singly and doubly phosphorylated ITAM in the
homogenous and cluster systems at various high concentration of antigenic pMHC
molecules. Each system consists of 60 phosphatases of ITAM per R pm 2. The diffusivity
of molecules is 0.0033 pm 2/s. The total amount of pMHC molecules in each system is
fixed at 330. "cluster (30 ag)" denotes the cluster system that contains 30 antigenic
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pMHC with kog of 0.02 s-1. (A) The fraction of singly phosphorylated ITAM. (B) The
fraction of doubly phosphorylated ITAM.
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Figure S3-6. The total amount of TCR bound to pMHC in both cluster and
homogenous systems. Simulation results for the cluster system in which 20 TCR
molecules are placed in each of 20 TCR clusters and homogenous system which contains
randomly distributed 400 TCR molecules. Each system contains 30 antigenic pMHC
(kof=0.02 s- ) and 300 endogenous pMHC molecules (kotff=20 s-1). The system contains
600 phosphatases of ITAM per n pm2. The diffusivity of molecules is 0.0033 pm2/s.
"cluster (ag)" and "cluster (en)" denote the amount of TCR bound to antigenic pMHC
molecules and to endogenous pMHC, respectively. The similar legendary description
applies to the homogenous system.
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Figure S3-7. The effect of clustering of proteins, diffusivity of molecules, and
potency of antigenic pMHC on the level of singly phosphorylated ITAM at
equilibrium. Simulation results for the cluster system in which 20 TCR molecules are
placed in each of 20 TCR clusters and homogenous system which contains randomly
distributed 400 TCR molecules. Each system consists of 300 endogenous pMHC, 30
antigenic pMHC, and 60 phosphatases of ITAM per n prm2. The level of doubly
phosphorylated ITAM in the same system is shown in Fig. 3-2.
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Figure S3-8. The steady-state fraction of doubly phosphorylated ITAM in
homogenous system that consists of pMHC molecules of the same potency. Each
system consists of 60 phosphatases of ITAM per 7c [Lm 2. The diffusivity of molecules is
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Figure S3-9. The steady-state fraction of singly and doubly phosphorylated ITAM
in the homogenous and cluster systems at various low concentration of antigenic
pMHC molecules. Each system consists of 60 phosphatases of ITAM per a r m2. The
diffusivity of molecules is 0.0033 pm 2/s. The total amount of pMHC molecules in each
system is fixed at 330. (A) The fraction of singly phosphorylated ITAM. (B) The fraction
of doubly phosphorylated ITAM.
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Figure S3-1O. The steady-state fraction of singly and doubly phosphorylated ITAM
in the homogenous and cluster systems at various high concentrations of antigenic
pMHC molecules. Each system consists of 60 phosphatases of ITAM per 7C pm2. The
diffusivity of molecules is 0.0033 p.m2/s. The total amount of pMHC molecules in each
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0.190
0 300
system is fixed at 330. (A) The fraction of singly phosphorylated ITAM. (B) The fraction
of doubly phosphorylated ITAM.
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Figure S3-11. The fraction of singly and doubly phosphorylated ITAM over time in
the homogenous and cluster systems at various potencies of antigenic pMHC
molecules. The diffusivity of molecules is 0.0033 pim 2/s. (A) Each system consists of 300
endogenous pMHC and 30 antigenic ?MHC molecules per n pm 2. There is no
phosphatase of ITAM. "cluster (kof=20 s )" denotes the cluster system that contains the
antigenic pMHC with koff of 20 s-1. (B) Each system initially contains 400 doubly
phosphorylated ITAM and 60 phosphatases of ITAM. The cluster system initially locates
doubly phosphorylated 20 TCR molecules per cluster. There are no pMHC and
coreceptors.
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Figure S3-12. The fraction of doubly phosphorylated ITAM at equilibrium in the
homogeneous system at various potencies of 30 antigenic pMHC molecules among
330 pMHC in the system. The diffusivity of molecules is 0.0033 Pm2/s. Each system
consists of 400 TCR, 300 coreceptors, 300 endogenous pMHC, 30 antigenic pMHC, and
26 phosphatases of ITAM per a ptm.
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Figure S3-13. The fraction of doubly phosphorylated ITAM at equilibrium in the
homogeneous system at various potencies of 330 pMHC molecules. The diffusivity of
22molecules is 0.0033 om s. Each system consists of 400 TCR, 300 coreceptors, 330
antigenic pMHC, and 6 phosphatases of ITAM per 7t pm2.
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Figure S3-14. The steady-state level of RasGTP and the number of cells containing
a given steady-state level of RasGTP. The diffusivity of molecules is 0.0167 pLm2/s.
Each system consists of 500 Ras and 15 RasGAP molecules per a pm2 . (A) The cluster
system that initially consists of Ras as a form of RasGDP. (B) The homogenous system
that initially consists of Ras as a form of RasGDP. (C) The cluster system that initially
consists of Ras as a form of RasGTP. (D) The homogenous system that initially consists
of Ras as a form of RasGTP.
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Figure S4-1. The effect of the number of types of peptides at a single copy. R denotes
the number of copies of each type of endogenous peptides. (A) Fraction of surviving T
cells (the number of surviving T cells/the original number of T cells made in the thymus).
(B) Fraction of autoreactive T cells (the number of autoreative T cells/the original
number of T cells made in the thymus). (C) The percentage of the number of autoreactive
T cells among the number of surviving T cells.
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Figure S4-2. The effect of the number of types of peptides. R denotes the number of
copies of each type of endogenous peptides. (A) Fraction of surviving T cells (the
number of surviving T cells/the original number of T cells made in the thymus). (B)
Fraction of autoreactive T cells (the number of autoreative T cells/the original number of
T cells made in the thymus). (C) The percentage of the number of autoreactive T cells
among the number of surviving T cells.
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Figure S4-4. The effect of the number of types of peptides at a fixed total number of
peptides. P denotes the total number of peptides. (A) Fraction of surviving T cells (the
number of surviving T cells/the original number of T cells made in the thymus). (B)
Fraction of autoreactive T cells (the number of autoreative T cells/the original number of
T cells made in the thymus). (C) The percentage of the number of autoreactive T cells
among the number of surviving T cells.
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Figure S4-5. The consequence of increasing the number of types of peptides on
amino acids frequencies of TCR and endogenous peptides. T stands for the number of
types of endogenous peptides. The number of copies of each type of peptides is 100. The
order of amino acids in the abscissa is in accordance with the mean interaction free
energy with all 20 amino acids. (A) Autoreactive TCR. (B) Non-autoreactive TCR. (C)
Autoreactive endogenous peptide (peptides that have reacted with TCR and made it
autoreactive). (D) Non-autoreactive endogenous peptide (peptides that have reacted with
TCR, making it non-autoreactive).
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Figure S4-6. The consequence of increasing the number of copies of each type of
peptides on amino acids frequencies of TCR and endogenous peptides at a fixed
number of types of peptides. R stands for the number of copies of each type of
endogenous peptides. The number of types of peptides is 100. The order of amino acids
in the abscissa is in accordance with the mean interaction free energy with all 20 amino
acids. (A) Autoreactive TCR. (B) Non-autoreactive TCR. (C) Autoreactive endogenous
peptide (peptides that have reacted with TCR and made it autoreactive). (D) Non-
autoreactive endogenous peptide (peptides that have reacted with TCR, making it non-
autoreactive).
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Figure S4-7. The consequence of increasing the number of types of peptides on
amino acids frequencies of TCR and endogenous peptides at a fixed total number of
peptides. T stands for the number of types of endogenous peptides. The total number of
peptides is 104 . The order of amino acids in the abscissa is in accordance with the mean
interaction free energy with all 20 amino acids. (A) Autoreactive TCR. (B) Non-
autoreactive TCR. (C) Autoreactive endogenous peptide (peptides that have positively
selected TCR and have made it autoreactive). (D) Non-autoreactive endogenous peptide
(peptides that have positively selected TCR, making it non-autoreactive).
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Figure S4-8. The comparison of the effect of the number of types of peptides at a
constant number of copies across different values of the negative selection threshold.
TH denotes the magnitude of the negative selection threshold. The difference between the
negative selection threshold and the positive selection threshold is -5 kBT. The number of
copies of each type of peptides is fixed at 100. (A) Fraction of surviving T cells (the
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number of surviving T cells/the original number of T cells made in the thymus). (B)
Fraction of autoreactive T cells (the number of autoreative T cells/the original number of
T cells made in the thymus). (C) The percentage of the number of autoreactive T cells
among the number of surviving T cells.
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Figure S4-10. The comparison of the effect of the number of types of peptides at a
constant total number of peptides across different values of the negative selection
threshold. TH denotes the magnitude of the negative selection threshold. The difference
between the negative selection threshold and the positive selection threshold is -5 kBT.
The total number of peptides is fixed at 104. (A) Fraction of surviving T cells (the number
of surviving T cells/the original number of T cells made in the thymus). (B) Fraction of
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autoreactive T cells (the number of autoreative T cells/the original number of T cells
made in the thymus). (C) The percentage of the number of autoreactive T cells among the
number of surviving T cells.
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